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A REDUCED HESSIAN METHOD FOR LARGE-SCALE
CONSTRAINED OPTIMIZATION

by

Lorenz T. Biegler, Jorge Nocedal, and Claudia Schmid

ABSTRACT

We propose a quasi-Newton algorithm for solving large optimization problems with
nonlinear equality constraints. It is designed for problems with few degrees of freedom
and is motivated by the need to use sparse matrix factorizations. The algorithm
incorporates a correction vector that approximates the cross term Z7 WY py in order
to estimate the curvature in both the range and null spaces of the constraints. The
algorithm can be considered to be, in some sense, a practical implementation of
an algorithm of Coleman and Conn. We give conditions under which local and
superlinear convergence is obtained.

Key words: successive quadratic programming, reduced Hessian methods, constrained optimiza-
tion, quasi-Newton method, large-scale optimization.

Abbreviated title: A Reduced Hessian Method

1. Introduction

We consider the nonlinear optimization problem

:?li{l» f(=) (1.1)
subject to ¢(z) =0, (1.2)

where f : R® — R and ¢ : R® — R™ are smooth functions. We are particularly interested
in the case when the number of variables n is large, and the algorithm we propose, which is a
variation of the successive quadratic programming method, is designed to be efficient in this case.
We assume that the first derivatives of f and ¢ are available, but our algorithm does not require
second derivatives.

The successive quadratic programming (SQP) method for solving (1.1)-(1.2) generates, at an
iterate z, a search direction d; by solving

min g(zx)Td + ~dTW(zs)d (1.3)
deRn 2
subject to ¢(zi) + A(zx)Td =0, (1.4)



where g denotes the gradient of f, W denotes the Hessian of the Lagrangian function L(z,A) =
f(z) + ATc(z), and A denotes the n x m matrix of constraint gradients

A(z) = [Veai(z), .-y Vem(2)]- (1.5)
A new iterate is then computed as
Tp41 =Tk + ard, (1.6)

where a; is a steplength parameter chosen so as to reduce the value of the merit function. In
this study we will use the £; merit function

$u(z) = f(z) + plle@)lh, (1.7)

where p is a penalty parameter; see, for example, Conn (1973), Han (1977) or Fletcher (1987).
We could have used other merit functions, but the essential points we wish to convey in this
article are not dependent upon the particular choice of the merit function.

The solution of the quadratic_program (1.3)-(1.4) can be written in a simple form if we
choose a suitable basis of R™ to represent the search direction di. For this purpose, we introduce
a nonsingular matrix of dimension n, which we write as

Y Zi), (1.8)
where Yi € R**™ and Z; € R**("~™) and we assume that
ATz, =o0. (1.9)

(From now on we abbreviate A(zk) as A, 9(zk) as gk, etc.) Thus Z; is a basis for the tangent
space of the constraints. We can now express d, the solution to (1.3)-(1.4), as

di = Yepy + Zipz, (1.10)
for some vectors py € R™ and p; € R*™™. Due to (1.9) the linear constraints (1.4) become
ck + AT Yipy = 0. (1.11)

If we assume that A; has full column rank, then the nonsingularity of [Yi Zi] and equation (1.9)
imply that the matrix ATY, is nonsingular, so that py is determined by (1.11):

py = —[ALYi]ex. (1.12)
Substituting this in (1.10), we have
di = =Yi[ATYi] Yex + Zkpz. (1.13)
Note that
Y [ATY:]™? (1.14)

is a right inverse of AT and that the first term in (1.13) represents a particular solution of the
linear equations (1.4).

We have thus reduced the size of the SQP subproblem, which can now be expressed exclusively
in terms of the variables p;. Indeed, substituting (1.10) into (1.3), considering Y;py as constant,
and ignoring constant terms, we obtain the unconstrained quadratic problem

. 1
» min (2T g + ZF WiYipy)Tpz + EpzT(Z{Wka)pz. (1.15)
z N1



If we assume that ZfWka is positive definite, the solution of (1.15) is
Pz = —(Z{ Wi Z:) ™ (2 g + ZE WiYapy]. (1.16)

This determines the search direction of the SQP method.

We are particularly interested in the class of problems in which the number of variables n is
large, but n — m is small. In this case it is practical to approximate Z¥ Wy Z; using a variable
metric formula such as BFGS. On the other hand, the matrix ZT W} Y}, of dimension (n —m) x m
may be too expensive to compute directly when m is large. For this reason several authors simply
ignore the “cross term” ZT W Yipy in (1.16) and compute only an approximation to the reduced
Hessian ZT W Zi; see Coleman and Conn (1984), Nocedal and Overton (1985), and Xie (1991).
This approach is quite adequate when the basis matrices Y and Z; in (1.8) are chosen to be
orthonormal (Gurwitz and Overton (1989)).

For large problems, however, computing orthogonal bases can be expensive, and it is more
efficient to obtain Y; and Z; by simple elimination of variables (cf. Fletcher (1987)). Unfortu-
nately, in this case ignoring the cross term Z7 W;Yipy can make the algorithm inefficient, as is
illustrated by an example given in a companion paper (Biegler, Nocedal, and Schmid (1993)).
The central point is that if the basis matrices Y; and Z; are not orthogonal, the range space
component Y;py may be very large, and ignoring the contribution from the cross term in (1.16)
can result in a poor step.

Therefore, in this paper we suggest ways of approximating the cross term ZT WiYipy by a
vector wg,

[ZT Wi Yilpy = we, (1.17)

without computing the matrix Z7 W; Y. We will see that this can be done without substantially
increasing the cost of the iteration, and we will show that the rate of convergence of the new
algorithm is 1-step Q-superlinear, as opposed to the 2-step superlinear rate for methods that
ignore the cross term (Byrd (1985) and Yuan (1985)). The null space step (1.16) of our algorithm
will be given by

pz = —(ZFWiZe) " (28 g + Gewnl, (1.18)

where 0 < (& < 1 is a damping factor to be discussed later on.

To describe our first strategy for computing the vector wy, we consider a quasi-Newton method
in which the rectangular matrix ZT Wy is approximated by a matrix Sk, using Broyden’s method.
We then obtain w; by multiplying this matrix by Y;py, that is,

W = SkYkpy.
How should S; be updated? Since Wi41 = V2, L(Zk+1, Ae+1), we have that
ZZWk+1(zk+1 - zk) ~ ZZ[V,L(Z};.H, Ak+1) - V;,-L(:L'k, /\g+1)], (1.19)

when zp41 is close to z;. We use this relation to establish the following secant equation: we
demand that Si4; satisfy

Sk+1(12k+1 - :l:k) = Z{[V,L(xk.'.l,/\k.'.l) - V,,-L(:L‘k,/\k+1)]. (120)

One point in this derivation requires clarification. In the left-hand side of (1.19) we have ZF Wi 4.,
and not ZZ'_HW;;.H. We could have used Zi4; in (1.19), avoiding an inconsistency of indices,
but this is not necessary since we will show that using Z; instead of Zi4, in (1.20) results in
algorithms with all the desirable properties. This fact will not be surprising to readers familiar
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with the analysis of SQP methods; see, for example, Coleman and Conn (1984) or Nocedal and
Overton (1985).

Let us now consider how to approximate the reduced Hessian matrix ZF¥ Wi Z). Using (1.6)
and (1.10) in (1.20), we obtain

[Sk+1Zk)ekpz = —akSes1(Yepy) + 21 [VaL(Zk41, Me1) = Vo L(zk, Aesa)]-

Since Sk4+1 approximates ZT W, this suggests the following secant equation for B4, the quasi-
Newton approximation to the reduced Hessian ZT Wi Zy:

Bi415k = Yk, (1.21)
where s; is defined by
Sk = akpz,
and yi by
vk = ZF (Vo L(zk41, Mea1) — Vo L(Zk, Aes1)] — Tk, (1.22)
with
T = arSe+1(Yepy). (1.23)

We will update Bj by the BFGS formula (cf. Fletcher (1987))

BisesTBe | yruf

Bi41 = Be — (1.24)

)
sT Bes y¥ sk

provided s7 yi is sufficiently positive.

We highlight a subtle but important point. We have defined two correction terms, wy and
Wy. Both are approximations to the cross term (ZTWY )py. The first term, wg, which is needed
to define the null-space step (1.18) — and thus the new iterate zx41 — makes use of the matrix
Si. The second term, Wi, which is used in (1.22) to define the BFGS update of By, is computed
by using the new Broyden matrix Sk4+1 and takes into account the steplength ax. We will see
below that it is useful to incorporate the most recent information in Wg.

The Lagrange multiplier estimates A needed in the definition (1.22) of yi are defined by

M = =[Y A 7Y g (1.25)

This formula is motivated by the fact that, at a solution z. of (1.1)~(1.2), we have —g, = A,
and since Y.[ATY.]™! is a right inverse of AT,

A = —[YT A Y.

Using the same right inverse (1.14) in the definitions of py and A will allow us a convenient
simplification in the formulae presented in the following sections. We stress, however, that other

Lagrange multiplier estimates can be used and that the best choice in practice might be the one
that involves the least computation or storage.

We can now outline the sequential quadratic programming method analyzed in this paper.
Algorithm I

1. Choose constants € (0,1/2) and 7,7/ with 0 < 7 < 7/ < 1. Set k : = 1, and choose a

starting point z; and an (n —m) x (n —m) symmetric and positive definite starting matrix
B;.




10.

11.

. Evaluate fi, gi, ck, and Ag, and compute Y} and Z;.

Compute py by solving the system
(ATYi)py = —ck. (range space step) (1.26)

Compute an approximation wy to (Z7 Wi Yi)py .

. Choose the damping parameter {j € (0,1] and compute p; from

Bipz = —[2T gk + Crwi). (null space step) (1.27)
Define the search direction by
dy = Yipy + Zips. (1.28)

Set a; =1, and choose the weight p; of the merit function (1.7).
Test the line search condition

Gun(zk + ardr) < $p, (2k) + Nk Doy, (zk; di), (1.29)
where D@, (zi; di) is the directional derivative of the merit function ¢ in the direction d.

If (1.29) is not satisfied, choose a new aj € [rax, T’ai] and go to (7); otherwise set

T4l = Tk + apds. (1.30)

Evaluate fr41,9k+1,Ck+1, and Ag41, and compute Y41 and Zgy,.

Compute the Lagrange multiplier estimate
Aet1 = =Y Aeg] Y10kt (1.31)
Define W, (as will be discussed in §3), and compute
S = appz (1.32)

and
Yk = ZF [V L(zk41, Me41) — Ve L(Zk, Ae41)] — T (1.33)

If the update criterion (to be discussed in §3.3) is satisfied, compute Bx4; by the BFGS
formula (1.24); else set Br41 = Bk.

Set k := k + 1, and go to (3).

The algorithm has been left in a very general form, but in the next sections we discuss all its
aspects in detail. In §2 we consider the choice of the basis matrices Y3 and Z;. In §3 we describe
the calculation of the correction terms w; and Wy, the conditions under which BFGS updating
takes place, the choice of the damping parameter (i, and the procedure for updating the weight
pk in the merit function. In §4 and §5 we analyze of the local behavior of the algorithm and
show that the rate of convergence is at least R-linear. In §6 we present a superlinear convergence
result, and some final remarks in §7 conclude the paper.



We now make a few comments about our notation. Throughout the paper, the vectors py
and py, are computed at z; and could be denoted by pv(®) and p,(¥), but we will normally omit
the superscript for simplicity. The symbol || - || denotes the Iz vector norm or the corresponding
induced matrix norm. When using the l; or l norms we will indicate it explicitly by writing
Il -ll1 or || - lloo- A solution of problem (1.1) is denoted by z., and we define

er =zk —z. and oy = max{|lex|l, lex+1ll}- (1.34)

Here, and for the rest of the paper, VL(z,)) indicates the gradient of the Lagrangian with respect
to = only.

2. The Basis Matrices

As long as Z spans the null space of AZ', and [Yi Z;] is nonsingular, the choice of Y and Z;
is arbitrary. However, from the viewpoint of numerical stability and robustness of the algorithm
it is desirable to define Yz and Zi to be orthonormal, that is,

2(z)TZ2(z) = In-m
Y (2)TY(z) Inm
Y(2)TZ(z) 0.

One way of obtaining these matrices is by forming the QR factorization of A. For large problems,
however, computing this QR factorization is often too expensive. Therefore many researchers,
including Gabay (1982), Gilbert (1991), Fletcher (1987), Murray and Prieto (1992), and Xie
(1991), consider other, nonorthogonal choices of Y and Z. For example, if we partition z into
m basic or dependent variables (which without loss of generality are assumed to be the first m
variables) and n — m nonbasic or control variables, we induce the partition

A(2)T = [C(z) N(=)), (2.1)

where the m x m basis matrix C(z) is assumed to be nonsingular. We now define Z (z) and Y(z)

to be 2(s) = [ _C(z);lN(z) ] Y(z) = [ (I) ] _ (2:2)

When A(z) is large and sparse, a sparse LU decomposition of C(z) can often be computed
efficiently, and this approach will be considerably less expensive than the QR factorization of A.
Note that from the assumed nonsingularity of C(z) both Y(z) and Z(z) vary smoothly with z,
provided the same partition of the variables is maintained. In our implementation of the new
algorithm (Biegler, Nocedal, and Schmid (1993)) we choose Y3 and Z by (2.2).

There is a price to pay for using nonorthogonal bases. If the matrix C is ill conditioned
(and this can be difficult to detect), the step computation may be inaccurate. Moreover, even
if the basis is well conditioned, the range space step Yipy can be large, and ignoring the cross
term can cause serious difficulties. This phenomenon is illustrated in a two-dimensional example
given by Biegler, Nocedal, and Schmid (1993). It is shown in that example that if the cross
term Z¥ Wy Yepy is ignored, the ratio ||zx + di||/||z&|| can be arbitrarily large, even close to the
solution. It is also shown that these inefficiencies disappear if the cross term is approximated as
suggested in the following sections.

In the rest of the paper we allow much freedom in the choice of the basis matrices. They
can be given by (2.2), can be orthonormal, or can be chosen in other ways. The only restrictions
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we impose are that Aka = 0 is satisfied, that the n x n matrix [Yi Zi] is nonsingular and well
conditioned, and that this matrix varies smoothly in a neighborhood of the solution.

3. Further Details of the Algorithm

In this section we consider how to calculate approximations w; and W to (ZZ' WiYe)py to
be used in the determination of the search direction p; and in updating By, respectively. We
also discuss when to skip the BFGS update of the reduced Hessian approximation, as well as the
selection of the damping factor {; and the penalty parameter ;. '

To calculate approximations to (ZT WY )py, we propose two approaches. First, we consider a
finite difference approximation to Z¥ W} along the direction Yipy. While this approach requires
additional evaluations of reduced gradients at each iteration, it gives rise to a very good step.
The second, more economical approach defines wy and W in terms of a Broyden approximation
to ZT Wi, as discussed in §1, and requires no additional function or gradient evaluations. Our
algorithm will normally use this second approach, but as we will later see, it is sometimes necessary
to use finite differences.

3.1. Calculating w; and Wi through Finite Differences

We first calculate the range space step py at z; through Equation (1.26). Next we compute
the reduced gradient of the Lagrangian at z; + Yipy and define

wi = Z7 [VL(zk + Yepy, M) — VL(zk, Ak ))- (3.1)
After the step to the new iterate zi4) has been taken, we define
Ty = Z7 [VL(zi + e Yipy, Aes1) — VL(zk, Ak41)), (3.2)

which requires a new evaluation of gradients if a) # 1.

We note that this finite-difference approach is very similar to the algorithm of Coleman and
Conn (1982, 1984). Starting at a point z;, the Coleman-Conn algorithm (with steplength o = 1)
is given by

Zipe = —Z(2)B; Z(2)T 9(21) (3.3)
Yipy = =Y (2)[A(2:)TY (2)] " (2 + Zipz) (34)
Zkg1 = 2k + Zkpz + Yipy. (3.5)

Let us now consider Algorithm I, and to better illustrate its similarity with the Coleman and
Conn method, let us assume that instead of (3.1), wy is defined by

w = Z(zk + Yipy)T 9(zi + Yipv) — Z(ze)T 9(zx),
which differs from (3.1) by terms of order O(||py||). Then Algorithm I with a; = 1 is given by

Yipy = —Y(zk)[A(zk)TY(zk)]'lc(zk). (3.6)

—Z(z1)B; [Z(e)T 9(zx) + wi]
—Z(z4)B; ' [Z(zs + Yapy)T 9(zk + Yipy)]. (3.7)

Zypz



Tit1 = Tk + Yipy + Zikpz. (3-8)

The similarity between the two approaches is apparent in Figure 1, especially if we consider the
intermediate points in the Coleman-Conn iteration to be the starting and final points, respectively.
In the Coleman-Conn algorithm, the approximation By to the reduced Hessian Zf Wi Z, is ob-
tained by moving along the null space direction Zipz, and making a new evaluation of the function
and constraint gradients. To be more precise, Coleman and Conn define

o = ZF[VL(zk + Zipz, M) — VL(zk, M)

and sg = Z7[ze41 — 7] and apply a quasi-Newton formula to update Bi. Algorithm I, using
finite differences, amounts essentially to the same thing. To see this, note that if Formula (3.2)
is used in (1.33), then

vk = ZT[VL(Zk41, Me41) — VL(zk + e Yipy, Aes1)],

which represents a difference in reduced gradients of the Lagrangian along the null space direction
Zkpz.- ~

Byrd (1990) and Gilbert (1989) showed that the sequence {zx + Zipz} (but not the sequence
{2:}) generated by the Coleman-Conn method converges one-step Q-superlinearly. If Algorithm
I always computed the correction terms wjy and Wi by finite differences, its cost and convergence
behavior would be similar to those of the Coleman-Conn method. However, we will often be able
to avoid these additional gradient evaluations by using the more economical approach discussed
next.

3.2. Using Broyden’s Method to Compute w; and Wi

We can approximate the rectangular matrix ZT Wi by a matrix S updated by Broyden’s
method, and then compute wi and Wy by post-multiplying this matrix by Yipy or by a multiple
of this vector. As discussed in §1, it is reasonable to impose the secant equation (1.20) on this
Broyden approximation, which can therefore be updated by the formula (cf. Fletcher (1987))

(G — Sk3k)57

Sk41 =Sk + i ) (3.9)
where
Gk = ZT[VL(Tk41, Met1) — VL(k, A1) (3.10)
and
Sk = Tk41 — Tk- (3.11)
We now define
wp = SeYipy and Wi = apSi4+1YiPy. (3.12)

It should be noted that this approach requires the storage of the (n — m) x n matrix Sk.
For problems where n — m is small, this expense is far less than the storage of a full Hessian
approximation to Wi. On the other hand, if n —m is not very small, it ma{y be preferable to use
a limited-memory implementation of Broyden’s method. Here the matrices Si are represented
implicitly, using, for example, the compact representation described in Byrd, Nocedal, and Schn-
abel (1992). The advantage of the limited memory implementation is that it requires the storage
of only a few n—vectors to represent S.




Since is no guarantee that the Broyden approximations S; will remain bounded, we need to
safeguard them. At the beginning of the algorithm we choose a positive constant I' and define

3 r
wy = { Wi if “wk” < B QIIPY“

Wk ﬂ"ﬁ,ﬂlﬁﬁ otherwise. (3.13)

The correction Wy will be safeguarded in a different way. We choose a sequence of positive
numbers {7;} such that £32 7 < oo, and we set

(3.14)

Wk otherwise.

— _ ) if [Tl < cellpyll/7
= g,

Y || w

As the iterates converge to the solution, py — 0, so that from (3.12) and from the boundedness
of Y; we see that these safeguards allow the Broyden updates S; to become unbounded, but
in a controlled manner. We will show in §4 and §5 that with the safeguards (3.13) and (3.14)
Algorithm I is locally and R-linearly convergent and that this implies that the Broyden updates
Si do, in fact, remain bounded, so that the safeguards become inactive asymptotically.

Our Broyden approximation to the correction terms wy and W; was motivated by recent work
of Gurwitz (1993). She approximates Z,f Wi Z, by the BFGS formula with

sk = Zj [Th41 — 4]

and
vk = Z¢ [VL(Zk41, Me41) — VL(Zk, A1)

and approximates Z,f WY by a matrix Dy using Broyden’s formula (3.9) with
S = Y,‘T[z:k.,.l - Ik]

Gk = ZF [VL(Tk41, Ae41) = VL(ZE, Aet1)] — Bipz.

Since the updates may not always be defined, Gurwitz proposes to sometimes skip the update of
By, or D;. She shows 1-step Q-superlinear convergence if and only if one of the updates is taken
at each iteration. We will argue below that it is preferable to update an approximation to ZZ' Wk,
as is done in Algorithm I, instead of an approximation to Z¥ W} Y%, as proposed by Gurwitz.

A related method was derived by Coleman and Fenyes (1992). Their partitioned Lower Half
Update (LHU) simultaneously updates approximations to Z¥ Wi Z; and ZT W;Y:, by means of a
new variational problem. The resulting updating formula requires the solution of a cubic equation,
and its roots can correspond to cases where updates should be avoided (e.g., s?yx < 0). The
drawback of this approach is that choosing the correct root is not always easy.

Finally, an earlier proposal by Tagliaferro (1989) consists of approximating the matrix

(ZTWiZe ZT W Y]

using a formula that can be viewed as an extension to the PSB update. One disadvantage of
this approach is that the matrices generated by this updating procedure may become very ill
conditioned.
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3.3. Update Criterion

It is well known that the BFGS update (1.24) is well defined only if the curvature condition
sTyx > 0 is satisfied. This condition can always be enforced in the unconstrained case by perform-
ing an appropriate line search; see, for example, Fletcher (1987). When constraints are present,
however, the curvature condition sTyr > 0 can be difficult to obtain, even near the solution.

To show this, we first note from (1.33), (1.28), and (1.32) and from the Mean Value theorem
that

1
Yk = Zg' [/ Vg,L(Ik + Takdk,z\k+1)(lf] apdr — W
0

= ZZWkakdk — Wi

Z{V-Vk Zi sk + akZZ‘ kakpy — W, (3.15)
where we have defined .
Wi = / V2, L(zk + Tardr, Ag41)dT. (3.16)
0
Thus 3 3
Tu = (27 WeZe) s + ousT (z,{wky,,) py — 5T Ty (3.17)

Near the solution, the first term on the right-hand side will be positive, since Z7 Wi Zi can
be assumed positive definite. Nevertheless, the last two terms are of uncertain sign and can make
sT yr negative. Several reduced Hessian methods in the literature set @y equal to zero for all k,
and update By only if py is small enough compared with s; that the first term in the right-hand
side of (3.17) dominates the second term (see Nocedal and Overton (1985), Gurwitz and Overton
(1989), and Xie (1991)).

Skipping the BFGS update may appear to be a crude heuristic, but we argue that it gives
rise to a sound algorithm. First of all, the last two terms in (3.17) normally converge to zero
faster than the first term, so that the right-hand side of (3.17) will often be positive and BFGS
updating will take place frequently. Furthermore, if the right-hand side of (3.17) is negative, the
range space step Yipy is relatively large, resulting in sufficient progress towards the solution.
These arguments will be made more precise in §5.

We conclude that skipping the BFGS update is desirable in some circumstances, and we now
present a strategy for deciding when to do so. Recall that oi, defined by (1.34), converges to zero
if the iterates converge to z..

Update Criterion I
Choose a constant vq > 0 and a sequence of positive numbers {vi} such that TFL, 7k < 00 (this
is the same sequence {7} that was used in (3.14)).

e If Wy is computed by Broyden’s method, and if both s{yk >0 and

llpvll < 72 llpzll (3.18)

hold at iteration k, then update the matriz B by means of the BFGS formula (1.24) with
sk and yr given by (1.32) and (1.33). Otherwise, set Biy1 = Be.

o If Wy is computed by finite differences, and if both sTyr > 0 and

el < Yallpzll/or? (3.19)

hold at iteration k, then update the matriz By by means of the BFGS formula (1.24) with
si and Y given by (1.32) and (1.33). Otherwise, set Bry1 = Bk.
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Note that o requires knowledge of the solution vector z. and is therefore not computable.
However, we will later see that o) can be replaced by any quantity that is of the same order as
the error e, for example, the optimality conditions (||Z7 gx||+||ck|]). Nevertheless, for convenience
we will leave o} in (3.19).

We now closely consider the properties of the BFGS matrices B, when Update Criterion I is
used. Let us define

s{Bksk

lIskll || Besell’
which, as we will see, is a measure of the goodness of the null space step Zyp;. We begin by
restating a theorem from Byrd and Nocedal (1989) regarding the behavior of cos; when the
matrix B is updated by the BFGS formula.

cosfy = (3.20)

Theorem 3.1 Let {By} be generated by the BFGS formula (1.24) where, for allk > 1, sp #0
and

T
Yi Sk
L RIS .
Top = m>0 (3.21)
2
lgell” o py. (3.22)
Yi Sk

Then, there ezist constants (1, B2, B3 > 0 such that, for any k > 1, the relations

cost; > P (3.23)
11B;s; l
B2 < T‘JI;IJl_ < Bs (3.24)

hold for at least [1k] values of j € [1,k].

This theorem refers to the iterates for which BFGS updating takes place; but since, for
the other iterates, Bry1 = B, the theorem characterizes the whole sequence of matrices {B}.
Theorem 3.1 states that, if s i is always sufficiently positive, in the sense that Conditions (3.21)
and (3.22) are satisfied, then at least half of the iterates at which updating takes place are such
that cosd; is bounded away from zero and Bjs; = O(||s;]|). Since it will be useful to refer easily
to these iterates, we make the following definition.

Definition 3.1 We define J to be the set of iterates for which BFGS updating takes place and for
which (3.23) and (3.24) hold. We call J the set of “good iterates” and define Jr = JN{1,2,...,k}.

Note that if the matrices By are updated only a finite number of times, their condition number
is bounded, and (3.23)—(3.24) are satisfied for all k. Thus in this case all iterates are good iterates.

We now study the case when BFGS updating takes place an infinite number of times. Let
us assume that all functions under consideration are smooth and bounded. If at a solution point
z, the reduced Hessian ZTW, Z, is positive definite, then for all z; in a neighborhood of z. the
smallest eigenvalue of ZT W; Z; is bounded away from zero (W is defined in (3.16)). We now
show that in such a neighborhood Update Criterion I implies (3.21)—(3.22).

Let us first consider the case when Wi is computed by Broyden’s method. Using (3.17), (3.18),
and (3.14), and since v, converges to zero, we have

sive 2 Cllsll® = O(illsell?) — OCrellsell)
> milsell?, (3.25)
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for some positive constants C, m. Also, from (3.15), (3.18), and (3.14) we have that

luell < OCllsell) + 02 llsell) + OCrellsi Il
< O(lsll). (3.26)

We thus see from (3.25)-(3.26) that there is a constant M such that for all k for which updating
takes place,
12

T
Yi Sk
which together with (3.25) shows that (3.21)~(3.22) hold when Broyden’s method is used.

If W), is computed by the finite-difference formula (3.2), we see from (1.33) and the Mean
Value theorem that there is a matrix Wi such that

yi = ZT[VL(Tk+1, Me+1) — VL(Tk + axYepy, Aet1)]
= ZTWiZis:.

Reasoning as before we see that (3.25) and (3.26) also hold in this case, and that (3.21)—(3.22)
are satisfied in the case when finite differences are used. These arguments show that, in a
neighborhood of the solution and whenever BFGS updating of B; takes place, s{yk is sufficiently
positive, as stipulated by (3.21)—(3.22).

3.4. Choosing p; and (i

We will now see that by appropriately choosing the penalty parameter puj and the damping
parameter ( for wg, the search direction generated by Algorithm I is always a descent direction
for the merit function. Moreover, for the good iterates J, it is a direction of strong descent.

Since d; satisfies the linearized constraint (1.11), it is easy to show (see Eq. (2.24) of Byrd
and Nocedal (1991)) that the directional derivative of the £, merit function in the direction dy is
given by

Dé (zx; di) = gi di — pellcklls- (3.27)

The fact that the same right inverse of A7 is used in (1.26) and (1.31) implies that
a¥Yipy = M ck. (3.28)
Recalling the decomposition (1.28) and using (3.28), we obtain

Doy, (zr;di) = Q{kaz = pelleells + '\f‘—'k
= (ZF g + Cewr)Tpa — CewTpz — pllerlls + AF ek (3.29)

Now from (1.32) and (1.27) we have that
Bisi = —ak(Z] gr + Cews)- (3.30)
Substituting this in (3.20), we obtain

—(2T g + Gwr)Tpz
127 g& + Cewel| llpzl

cosb =

(3.31)
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Recalling the inequality A{ ci < ||At|loo|ck|]:, and using (3.31) in (3.29), we obtain, for all k,
Dé,n(zx; di) < =I1ZE gr + Cewe | [Ipall cos 04 — Cew pz — (e — 1Ak lloo)llek - (3.32)
Note also from (3.30) and (1.32) that

llsell  _ llpzll
1Besell — 12T gr + G|

(3.33)

We now concentrate on the good iterates J, as given in Definition 3.1. If j € J, we have from
(3.33) and (3.24) that

1
5127 a5 + Gusll < 1N < 112705 + G (3:34)

Using this and (3.23) in (3.32), we obtain, for j € J,

D¢y;(zj;ds) < -—nz’”g,+<,w1||2coso = GwTpd — (uj = IIslleo)llcs 2
2(; cosf;
< -E!lzjg,-n”—’—ﬂs—’(g,ztu,) Gl = (5 = slleo)lles 1,

where we have dropped the nonpositive term —(2 cosf;||w;||?/Bs. Since we can assume that
Pa > 1 (it is defined as an upper bound in (3.24)), we have

B
Déy,(23d;) < =227 511 + [26; cos 3107 Zjwj1 = T o] = (15 = sl s

It is now clear that if

2(; cos ;|97 Zjw;| - Guf pf) < pllclln, (3.35)
for some constant p, and if
5 2 ) lleo + 20, (3.36)
then for all j € J,
Diuy(zjids) < =12 3l = plcs . (337)

This means that if (3.35) and (3.36) hold, then for the good iterates j € J, the search direction d;
is a strong direction of descent for the ¢; merit function in the sense that the first-order reduction
is proportional to the KKT error.
We will choose (i so that (3.35) holds for all iterations. To show how to do this, we note
from (1.27) that
pz = =By Z{ gk — e By wk,

so that, for j = k, (3.35) can be written as
Ck[2 cosO|gr Ziwi| + wl By ZT gr + Gowl By we] < plleklls. (3.38)

Clearly this condition is satisfied for a sufficiently small and positive value of {;. Specifically, at
the beginning of the algorithm we choose a constant p > 0 and, at every iteration &, define

¢e = min{1, ¢}, (3.39)
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where  is the largest value that satisfies (3.38) as an equality.
The penalty parameter p; must satisfy (3.36), so we define it at every iteration of the algo-
rithm by
_ | ma if pe-1 2 || Aklleo + 20
Pr= { M|l +3p otherwise. (3.40)
The damping factor x and the updating formula for the penalty parameter p; have been
defined so as to give strong descent for the good iterates J. We now show that they ensure that
the search direction is also a direction of descent (but not necessarily of strong descent) for the
other iterates, k & J. Since (3.35) holds for all iterations by our choice of {, we have in particular

—Cewl pz < plicklls

Using this and (3.40) in (3.32), we have

Dé,, (zi;di) < =\ ZT ge + Cewsell pzll cos 8k — pellckllr- (3.41)

The directional derivative is thus nonpositive. Furthermore, since w = 0 whenever ¢y = 0
(regardless of whether wy is obtained by finite differences or through Broyden’s method), it is
easy to show that this directional derivative can be zero only at a stationary point of problem

(1.1)-(1.2).

3.5. The Algorithm

We can now give a complete description of the algorithm that incorporates all the ideas
discussed so far and that specifies the only remaining question, namely, when to apply finite
differences and when to use Broyden’s method to approximate the cross term. The idea is to
consider the relative sizes of py and pz. Update Criterion I generates the three regions R;, Ra,
and Rj illustrated in Figure 2. The algorithm starts by computing wj through Broyden’s method
and by calculating py and pz. If the search direction is in Ry or R3, we proceed. Otherwise we
recompute w;, by finite differences, use this value to recompute pz, and proceed. The reason for
applying finite differences in this fashion is that in the middle region R, Broyden’s method is not
good enough, nor is the convergence sufficiently tangential, to give a superlinear step. Therefore
we must resort to finite differences to obtain a good estimate of w. The motivation behind this
strategy will become clearer when we study the rate of convergence of the algorithm in §6.

Note from Updating Criterion I that the BFGS update of B is skipped if the search direction
is in R3. A precise description of the algorithm follows.

Algorithm II

1. Choose constants n € (0,1/2),p>0and 7,7 with0 < 7 < 7' < 1, and positive constants
T and 754 for Conditions (3.13) and (3.19), respectively. For Conditions (3.14) and (3.18),
select a summable sequence of positive numbers {y:}. Set k := 1, and choose a starting
point z;, an initial value y; for the penalty parameter, an (n —m) x (n — m) symimetric
and positive definite starting matrix B, and an (n — m) X n starting matrix S;.

2. Evaluate fz, gk, ¢k, and Ak, and compute Yz and Z.
3. Set findiff = false and compute py by solving the system

(ATY)py = —c&. (range space step) (3.42)
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10.

11.
12.

13.

14.

15.

Calculate wj using Broyden’s method, from Equations (3.12) and (3.13).
Choose the damping parameter {; from Equations (3.38) and (3.39), and compute p; from

Bipz = =[ZF g + Gows)- (null space step) (3.43)

If (3.19) is satisfied and (3.18) is not satisfied, set findiff = true and recompute w; from
Equation (3.1).

If findiff = true, use this new value of wy to choose the damping parameter {; from
Equations (3.38) and (3.39), and recompute p; from Equation (3.43).

. Define the search direction by

dy = Yipy + Zypz, (3.44)

and set a; = 1.

. Test the line search condition

s (Tk + ardi) < ¢, (z1) + nar D, (z1; die). (3.45)
If (3.45) is not satisfied, choose a new ay € [rax, 7’ax] and go to 9; otherwise set
Tip41 = Tk + apdg. (3.46)

Evaluate fr41, gk+1,Ck+1, Ak+1, and compute Yiy1 and Zpy;.

Compute the Lagrange multiplier estimate
M+t = = (Vi Ae+] T gk, (3.47)

and update p; so as to satisfy (3.40).

Update Si41 using Equations (3.9) to (3.11). If findiff = false, calculate Wi by Broyden’s
method through Equations (3.12) and (3.14); otherwise calculate w; by (3.2).

If sTye < 0 or if (3.19) is not satisfied, set By4; = Bi. Else, compute
Sk = arpz, (3.48)
Y& = ZF [VL(zk41, Mes1) = VL(zk, Aks1)] — T, (3.49)
and compute B4y by the BFGS formula (1.24).
Set k :=k + 1, and go to 3.

We mentioned in §3.1 that, when using finite differences, there are various ways of defining
w and Wi, but for concreteness we now assume in steps 6 and 13 that they are computed by
(3.1) and (3.2), respectively. We should also point out that the curves in Figure 2 may intersect,
creating a fourth region, and in practice we should stipulate a new set of conditions in this region.
We discuss these conditions in another paper that considers the implementation of the algorithm
(Biegler, Nocedal, and Schmid (1993)).

In the next sections we present several convergence results for Algorithm II. The analysis,
which does not assume that the BFGS matrices By or the Broyden matrices S; are bounded,
is based on the results of Byrd and Nocedal (1991), who have studied the convergence of the
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Coleman-Conn updating algorithm. We also make use of some results of Xie (1991), who has
analyzed the algorithm proposed by Nocedal and Overton (1985) using nonorthogonal bases Y
and Z. The main difference between this paper and that of Xie stems from our use of the
correction terms w; and Wk, which are not employed in his method.

4. Semi-Local Behavior of the Algorithm

We first show that the merit function ¢ decreases significantly at the good iterates J and that
this gives the algorithm a weak convergence property. To establish the results of this section, we
make the following assumptions.

Assumptions 4.1 The sequence {z;} generated by Algorithm Il is contained in a convex set D
with the following properties:

(I) The functions f : R® — R and ¢ : R® — R™ and their first and second derivatives are
uniformly bounded in norm over D.

(I) The matrix A(z) has full column rank for all z € D, and there exist constants 7o and So

such that
1Y @)AE)TY@I <70, 12 < bo, (4.1)
for all z € D.
(I11) For all k£ > 1 for which By is updated, (3.21) and (3.22) hold.

(IV) The correction term wi is chosen so that there is a constant & > 0 such that for all k,

llwell < mllexl]*/. (4.2)

Note that Condition (I) is rather strong, since it would often be satisfied only if D is bounded,
and it is far from certain that the iterates will remain in a bounded set. Nevertheless, the con-
vergence result of this section can be combined with the local analysis of §5 to give a satisfactory
semi-global result. Condition (II) requires that the basis matrices Y and Z be chosen carefully,
and is important to obtain good behavior in practice. Note that (4.1) and (3.42) imply that

1Yyl < volleell- (4.3)

Condition (III) is justified in the last paragraphs of §3.3, where it is shown that (3.21) and
(3.22) are satisfied whenever BFGS updating takes place in a neighborhood of a solution point.
Condition (IIT) and Theorem 3.1 ensure that at least half of the iterates at which BFGS updating
takes place are good iterates.

We have left some freedom in the choice of wy, since (4.2) suffices for the analysis of this section.
Relation (4.2) holds for the finite-difference approach, since (3.1) implies that w; = O(Yipy) and
since (I) ensures that {||ck||} is uniformly bounded (see (5.21)). Furthermore, the safeguard (3.13)
and (4.3) immediately imply that (4.2) is satisfied when the Broyden approximation is used.

The following result concerns the good iterates J, as given in Definition 3.1.

Lemma 4.1 If Assumptions 4.1 hold and if pj = p 1s constant for all sufficiently large j, then
there is a positive constant v, such that for all large j € J,

bulz;) — bu(zTit1) 2 Tu [”ZjTgJ'“2 + ”cjllll . (4.4)
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Proof. Using (3.37), we have for all j € J
Dgy;(z3dj) < =b2 [1Z] g;11° + lles ] , (4.5)
where b2 = min(f1/8s, p). Note that the line search enforces the Armijo condition (3.45),
bu; (%) — bu;(zj41) 2 —na; Déy;(zj; dj). (4.6)

It is then clear from (4.5) that (4.4) holds, provided the «j, j € J, can be bounded from below.
Suppose that aj < 1, which means that (4.6) failed for a steplength a:

¢uj(“’j + ad;) — ¢u;(31‘) > naDé¢,; (zj;dj), (4.7)

where
ra < aj (4.8)

(see Step 10 of Algorithm II). On the other hand, expanding to second order, we have
by (5 + Gd3) — 8y;(27) < GDG (25 d;) + Gl 1, (4.9)
where b, depends on ;. Combining (4.7) and (4.9), we have
(n = 1)aDgy, (233 d;) < &b ld;|12 (4.10)
Next we show that, for j € J,
ld;l1? < bsllZ] g;11% + liej ], (4.11)
for some constant b3. To do this, we make repeated use of the following elementary result:
a,b>0 = a’+2ab+ % < 34+ 302 (4.12)
Using (3.44), (4.12), (4.1), and (4.3), we have

Idil? < 1Zip@ 1 + 201281 11680 + Y3290
< 3 (121 + lv;p )]
< 3 [BIp N2 + 72llesl?] (413)

Also by (3.34), (4.12), and (4.2) and noting that || - || < || - ||1 , we have that for j € J
117 < Bi 127 9112 + 21127 95 | l1w; ) + ¢Z11w;11?]
< 5 02517 + Glhust?]
<z 0270+ wlel],

since ¢; < 1. Since ||cj||1 is uniformly bounded on D, we see from this relation and (4.13) that
(4.11) holds, where

bs = max{963 /63, 3(3x*65 /53 + 75 sup lle(=)ID}-
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Combining (4.10), (4.5), and (4.11), and recalling that 7 < 1, we obtain

- (- Tl)bz.

&> (4.14)

This relation and (4.8) imply that the steplengths a; are bounded away from zero for all j € J.
Since by assumption u; = p for all large j, we conclude that (4.4) holds with v, = b2 min{1, (1-

n)Tba/(b1b3)}.
a

It is now easy to show that the penalty parameter settles down and that the set of iterates is
not bounded away from stationary points of the problem.

Theorem 4.2 If Assumptions 4.1 hold, then the weights {pr} are constant for all sufficiently
large k and

lim inf()| Z7 g&|| + ||cx|]) = 0.
k—+00

Proof. First note that by Assumptions 4.1 (I)-(II) and (3.47) that {||A:||} is bounded. Therefore,
since the procedure (3.40) increases i by at least p whenever it changes the penalty parameter,
it follows that there are an index ko and a value p such that for all k > ko, pe = p > || Ael| + 2p.

If BFGS updating is performed an infinite number of times, by Assumptions 4.1-(III) and
Theorem 3.1 there is an infinite set J of good iterates, and by Lemma 4.1 and the fact that ¢,(zx)
decreases at each iterate, we have that for k > ko,

k
Su(zko) — Bu(Tr41) > (Bu(zi) — $ulzi+1))

ji=ko

> Y ($ulzs) = ulzier)
j€Jn(ko,k]

> v Y. 27 gl? + llelhl-
jeJn(ka,k]

By Assumption 4.1(I) ¢,(z) is bounded below for all z € D, so the last sum is finite, and thus
the term inside the square brackets converges to zero. Therefore

lim (127 9511+ lly ) = 0. (4.15)

J=—+o0

If BFGS updating is performed a finite number of times, then, as discussed after Definition 3.1,
all iterates are good iterates, and in this case we obtain the stronger result

Jim (128 gxll + lleelly) = 0.

5. Local Convergence

In this section we show that if z, is a local minimizer that satisfies the second-order optimality
conditions, and if the penalty parameter s is chosen large enough, then z. is a point of attraction
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for the sequence of iterates {zi} generated by Algorithm II. To prove this result, we will make
the following assumptions. In what follows, G denotes the reduced Hessian of the Lagrangian
function, namely,

Gr = ZF Vi, L(zk, k) Zk. (5.1)

Assumptions 5.1 The point z. is a local minimizer for problem (1.1)—(1.2), at which the fol-
lowing conditions hold.

(1) The functions f : R® — R and ¢ : R® — R™ are twice continuously differentiable in a
neighborhood of z., and their Hessians are Lipschitz continuous in a neighborhood of z..

(2) The matrix A(z,) has full column rank. This implies that there exists a vector A, € R™
such that
VL(z.,A) = g(z.) + A(z.)A = 0.

(3) For all g € R*~™, ¢ # 0, we have ¢TG.q > 0.

(4) There exist constants yo, fo, and 7. such that, for all z in a neighborhood of z.,

1Y @AY (@) <0, 12(2)]] < Bo, (5.2)

and

1Y (=) Z(2)] 7l < e (5.3)

(5) Z(z) and A(z) are Lipschitz continuous in a neighborhood of z.. That is, there exist
constants vz and ¥, such that

M=) = A < mllz -z, (5.4)
1Z(z) -2 < 7zllz - =, (5.5)

for all z, z near z..

Note that (1), (3), and (5) imply that for all (z, A) sufficiently near (z., A.), and for all g € R*™™,
ml|q||* < ¢ G(z, Mg < Mllall®, (5.6)

for some positive constants m, M. We also note that Assumptions 5.1 ensure that the conditions
(3.21)~(3.22) required by Theorem 3.1 hold whenever BFGS updating takes place in a neighbor-
hood of z., as argued at the end of §3.3. Therefore Theorem 3.1 can be applied in the convergence
analysis.

The following two lemmas are proved by Xie (1991) for very general choices of Y and Z.
Their result generalizes Lemmas 4.1 and 4.2 of Byrd and Nocedal (1991); see also Powell (1978).

Lemma 5.1 If Assumptions 5.1 hold, then for all z sufficiently near z.

11llz = 2l < lle@)ll + 12(2)T ()| < 72llz = 2., (5.7)

for some positive constants vy, 72.

This result states that, near z., the quantities c(z) and Z(z)T g(z) may be regarded as a
measure of the error at z. The next lemma states that, for a large enough weight, the merit
function may also be regarded as a measure of the error.
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Lemma 5.2 Suppose that Assumptions 5.1 hold at z.. Then for any p > ||As||oo there ezist
constants y3 > 0 and 74 > 0, such that for all z sufficiently near z.

Yallz = 22 < 6u(=) = $u(2.) < 74 [12(=)T 9@ + lle(@)Il1] - (5.8)

Note that the left inequality in (5.8) implies that, for a sufficiently large value of the penalty
parameter, the merit function will have a strong local minimizer at z.. We will now use the
descent property of Algorithm II to show convergence of the algorithm. However, because of
the nonconvexity of the problem, the line search could generate a step that decreases the merit
function but that takes us away from the neighborhood of z.. To rule this out, we make the
following assumption.

Assumption 5.2 The line search has the property that, for all large k, ¢,((1 - 0z +0zr41) <
¢u(zs) for all § € [0,1]. In other words, zx41 is in the connected component of the level set
{z : u(z) < du(z:)} that contains zi.

There is no practical line search algorithm that can guarantee this condition, but it is likely
to hold close to z.. Assumption 5.2 is made by Byrd, Nocedal, and Yuan (1987) when analyzing
the convergence of variable metric methods for unconstrained problems, as well as by Byrd and
Nocedal (1991) in the analysis of Coleman-Conn updates for equality constrained optimization.

Lemma 5.3 Suppose that the iterates generated by Algorithm II are contained in a convez region
D satisfying Assumptions 4.1. If an iterate z3, is sufficiently close to a solution point z. that
satisfies Assumptions 5.1, and if the weight py, is large enough, then the sequence of iterates
converges to ..

Proof. By Assumptions 4.1 (I)-(II) and (3.47) we know that {||Ai||} is bounded. Therefore the
procedure (3.40) ensures that the weights u) are constant, say px = p for all large k. Moreover, if
an iterate gets sufficiently close to z., we know by (3.40) and by the continuity of A that 4 > ||A.].
For such value of s, Lemma 5.2 implies that the merit function has a strict local minimizer at
z,. Now suppose that once the penalty parameter has settled, and for a given ¢ > 0, there is an
iterate zj, such that

llog, = 2all < —Le?,
727470
where 7o is such that || - ||i < ol| - ||. Assumption 5.2 shows that for any k > ko, i is in the

connected component of the level set of zx, that contains zp,, and we can assume that € is small
enough that Lemmas 5.1 and 5.2 hold in this level set. Thus since ¢, (zx) < du(z,) for k 2 ko,

and since we can assume that ||ZZ; kol < 1, we have from Lemmas 5.1 and 5.2, for any k > ko

1
73 2(dulzr) - $u(za))?

llzk — za]| <
-1 1
< 7 2(¢!‘(zkn) —¢;A(3—))2
3 1
74 ) 2 1
< (Z)" (2Bl + llewalh)?
73
3 )
Y4 . =
< (7—3) [12Z, 98 11* + Folleroll]
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[N o

27470
(——uzko - z.n)
73

< e

This implies that the whole sequence of iterates remains in a neighborhood of radius € of z.. If
¢ is small enough, we conclude by (5.8), by the monotonicity of {¢,(zx)}, and by Theorem 4.2
that the iterates converge to z..

a

The assumptions of this lemma, which is modeled after a result in Xie (1991), are restrictive
— especially the assumption on the penalty parameter. One can relax these assumptions and
obtain a stronger result, such as Theorem 4.3 in Byrd and Nocedal (1991), but the proof would
be more complex and is not particularly relevant to Algorithm II since it is based only on the
properties of the merit function. Therefore, instead of further analyzing the local convergence
properties of the new algorithm, we will study its rate of convergence.

5.1. R-Linear Convergence

For the rest of the paper we assume that the iterates generated by Algorithm II converge
to z., which implies that for all large k, s = p > [|A.]]. The analysis that follows depends on
how often BFGS updating is applied. To make this concept precise, we define U to be the set of
iterates at which BFGS updating takes place,

U = {k: Bxy1 = BFGS(B&, sk, u)}, (5.9)

and let
Ur=UnN{1,2,...,k}. (5.10)

The number of elements in Uy will be denoted by |Uk|.

Theorem 5.4 Suppose that the iterates {z} generated by Algorithm II converge to a point z.
that satisfies Assumptions 5.1. Then for any k € U and any j > k

ll2j = 2]l < CriVH, (5.11)
for some constants C >0 and 0 < r< 1.

Proof. Using (4.4) and (5.8), we have for i € J,
$u(:) = Bulzian) 2 T4 [Bu(:) = du(a.)]. (5.12)

Let us define r = (1 — v, /74)*. Then fori € J
¢u(zi+1) - ¢u(1’~) < ré [¢,,(:c;) - ¢n(""*)]- (5-13)

We know that the merit function decreases at each step, and by (5.8) we have, for j > k and
keU,

A

_1 1
lzs —zoll < 73 2 (6uas) — du(z2)?

1
77 7 (bu() — bulza))

IA
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We continue in this fashion, bounding the right-hand side by terms involving earlier iterates, but
using now (5.13) for all good iterates. Since by Theorem 3.1 at least half of the iterates at which
updating takes place are good iterates (i.e., |Jk| > 3|Uk|), we have

1 1
”:Bj —z.| < 7-5 [r‘llhl(d,“(zl) _ ¢“($‘))] 2
3 1
< 1 [rzluu(m(zl) _ ¢”(x‘))] 2
1
[73-2(45,‘(1:1) - ¢“(z.))%]r|Uh|

A

CriUxl,

m]

This result implies that if {|{Ux|/k} is bounded away from zero, then AlgorithmII is R-linearly
convergent. However, BFGS updating could take place only a finite number of times, in which
case this ratio would converge to zero. It is also possible for BFGS updating to take place an
infinite number of times, but every time less often, in such a way that |Ui|/k — 0. We therefore
need to examine the iteration more closely.

We make use of the matrix function 9 defined by

¥(B) = tr(B) — In(det(B)), (5.14)
" where tr denotes the trace, and det the determinant. It can be shown that
In cond(B) < ¥(B), (5.15)

for any positive definite matrix B (Byrd and Nocedal (1989)). We also make use of the weighted
quantities

g =Gy, & =G s, (5.16)
ék = :uszG:l/z, (5.17)
. B
cosf = —#’f—f—, (5.18)
| Be 3k [l115k 1)
and
- Bksk
=2k 7% 1
qk = 3{3" (5 9)

One can show (see Eq. (3.22) of Byrd and Nocedal (1989)) that if By is updated by the BFGS
formula, then

¢(§k+1) = (B )+ |ka" —-In {;. : + In cos? 6
5§ S
‘Ik dk
1- — + ] —1 . 5.20
+ [ cos? O +in cos? Gk] ( )

This expression characterizes the behavior of the BFGS matrices Br and will be crucial to
the analysis of this section. Before we can make use of this relation, however, we need to consider
the accuracy of the correction terms. We begin by showing that when finite differences are used
to estimate wi and Wy, these are accurate to second order.
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Lemma 5.5 If at the iterate zi, the corrections wy and Wy are computed by the finite-difference
formulae (3.1)-(3.2), and if zi is sufficiently close to a solution point z. that satisfies Assump-
tions 5.1, then

wi = O(|lpvll), (5.21)
lwe — ZTW.Yipyll = O(allpyll) (5.22)

and
1@ — ZTW. Yepy|l = O(okllpyll)- (5.23)

Proof. Recalling that VL(z,)) = g(z) + A(z)A, we have from (3.1) that

wp = Zf[VL(zk + Yepy, Ae) — VL(zk, Mb))
= ZE[VL(:B]: + Yipy, /\.) - VL(:B),, /\.)] + Z{[(A(:ck + Ykpy) - Ak)(/\k - A.)]

1
= 27 [/ V2, L(zk + TYipy, A.)dr] Yiry + ZF ((A(zk + Yipy) — Ae) Ok — AL))
0
= ZTWiYipy + ZF [(A(zk + Yepy) — Ac)(Ak — M) (5.24)

Let us assume that z; is in the neighborhood of z. where (5.2)-(5.5) hold. Then [|Ax — .|| =
O(|lexl]) = O(ox), where oy is defined by (1.34). Therefore the last term in (5.24) is O({|pyl|ox),
which proves (5.21). Also, a simple computation shows that

(ZTW) — ZTW.)Yapy = O(ok|lpyl))- (5.25)

Using these facts in (5.24) yields the desired result (5.22). To prove (5.23), we note only that
ar <1 and reason in the same manner.
O

‘Next we show that the condition number of the matrices Bj is bounded and that, at the
iterates U at which BFGS updating takes place, the matrices By are accurate approximations of
the reduced Hessian of the Lagrangian.

Theorem 5.6 Suppose that the iterates {z;} generated by Algorithm II converge to a solution
point z, that satisfies Assumptions 5.1. Then {||Bi||} and {||B;'||} are bounded, and for all
keU

(B = ZIW. Z.)pzl| = o(lldel)- (5.26)

Proof. We will only consider iterates k for which BFGS updating of By takes place. We have
from (3.49), (3.46), (3.44), (3.16), and (3.48)

e = Z7[VL(Tk41, Me41) — VL(zk, Ae1)] — T
1
= Z{ [/ Vﬁ,L(zk + ragdg, /\k.,.l)df] apdr — Wi
0

arZf Wi(Zepz + Yepy) — T
ZTWiZisk + ax(ZE Wi — ZTW.)Yepy + (ex ZT W.Ykpy — Ti). (5.27)

Since Wi can be computed by Broyden’s method or by finite differences, we need to consider these
two cases separately.
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Part I. Let us first assume that w; is determined by Broyden’s method. A simple computation
shows that ||ZT W} — ZTW.|| = O(ck), and from (3.14) we have that W = O(||py||/7¢). Using
this and Assumptions 5.1 in (5.27), we have

w = ZTWiZisi + (or + 1+ 1/7:)0(cllpyll)
= (Z{szk - G.)Sk + Ga.sk + (O’k +14+ 1/7k)0(ak||py”). (5.28)

Recalling (5.16) and noting that 7 5¢ = yf s, we have

5 = T (ZT Wi Z — Ga)se + I8l + (or + 1+ 1/7:)Oakllpy D15k,

since ||sk|| and ||si|| are of the same order. Therefore

~T = T (7T 1%,
T 5k 8k (Zi Wi Ze — G4)se (Ilawvll)
== = 14 - +(oe+1+41 O|——
Bk 151 (o +1+1/m)0 (T
= 140(ok)+ (o +1+1/%)0 (“—loi;%ﬁ—u) . (5.29)

Similarly from (5.28) and (5.16) we have
Tae < NZTWeze - G)sel PGS + 22T We Ze — G)sell IGT 21 13kl + 1131
.l- T -
+2(0i + 1+ 1/1)0(llaxpIDIGE 21| (15411 + (2T We 2 - G)sellIGE 1)

+(ok + 1+ 1/7:)20(lleepy 1)?,
and thus

< 14000 + (o + 14170 + o0 (120

2
+(or + 1+1/7:)20 (”%:1"";',—') . (5.30)

At this point we invoke the update criterion and note from (3.18) that, if BFGS updating of
By takes place at iteration k, then ||axpy|| < 7Z|Isk|l, where {i} is summable. Using this, the
assumption that o} converges to zero, and (5.29), we see that for large k

.q’-
Yi Sk
= =14+0(or + %), 5.31
and using (5.30)
2
——= =14+ 0(ok + 7&)-
AL (@ +7)
Therefore U5l Ngl? 1502
Yk Yr Sk
— = == — =14+0(or + . 5.32
750 = ol 5 (o +m) (5:52)

We now consider %(Bji+1) given by (5.20). A simple expansion shows that for large k, In(14+
O(oi + 7)) = O(ox + 7). Using this, (5.31), and (5.32), we have

W(Bry1) = ¥(Be) + O(ok + 7&) + In cos? 6k + [1 N L SR P LI ] . (5.33)
cos? 6, cos? O
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Note that for z > 0 the function 1 — z 4 Inz is nonpositive, implying that the term in square
brackets is nonpositive and that Incos?§, is also non-positive. We can therefore delete these
terms to obtain

$(Brsr) < $(Bi) + O(or + i) (5.34)

Before proceeding further we show that a similar expression holds when finite differences are used.

Part II. Let us now consider the iterates k for which updating takes place and for which w; is
computed by finite differences. In this case (3.19) holds. Again we begin by considering (5.27),

Yy = Z,TW],Z];S): + ak(ZZWk - Z;TW.)Y]ng + (akZ,TW.Yku — W).
From (5.23) the last term is of order o4(az||py||), and so is the second term. Thus

v = ZFWiZesi +O(oraxlpyll)
= (ZFWi2; - G.)sk + Gusi + O(orak||pyl))- (5.35)

Noting once more that 77 5; = y7 si and recalling the definition (5.16), we have
9 8k = 5§ (2L WiZk — Gu)se + [15ell® + O(onclipy [l|311),

since ||sk|| and ||sk|| are of the same order. Therefore

~T = T (7T A
Ui Sk s, (Z; Wi Zr — Ga)si ( ”akPY”>
S = 14 — +0|or——7"
13112 115112 MTEAT
= 140(ck)+0 (a,, —”‘ﬁ;fﬁ”) : (5.36)

Similarly from (5.35) and (5.16) we have
Ao < WEEWZe - GselPIGT | + 2(ZTWe Zi — G)sell G20 Il + 561
-1 - _
+010 (laspellIG ) [15el + 1ZE Wi 2s - Gl 1] )

+£O(llexpy 1)’

o thus e Joep Joep
Yk Py 2 arpy
——= < 140(c +a'O( - )+UO(._). 5.37
15l @+ a0\ T ) * 7 Tl (5
We now invoke Update Criterion I and note from (3.19) that, if BFGS updating of By takes

place at iteration k, then ||py|| < 7m||pz||/a':/ 2, Using this, (5.36), and the fact that o converges

to zero, we see that for large k
i 5
15112

=1+0(a}/?),

and using (5.37)

Bk

Therefore U3l {1l 15l
Yk Yk Sk 1/2
———— = — =14+0(c . 5.38
T5 = IalP 75 (@) (5-38)
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We now consider %(Bi41) given by (5.20). Noting that In(1 + 0(6,1;/2)) = 0(0,1,/2) for all large
k, we see that if updating takes place at iteration k

W(Biy1) = $(Bi) + O(0}*) + Incos? G + [1 . LI h . L ] . (5.39)
cos? 6 cos? 0

Since both In cos?d; and the term inside the square brackets are nonpositive, we can delete them
to obtain . .
$(Bi) < 9(Bi) +0(ay%). (5.40)

We now combine the results of Parts I and II of this proof. Let us subdivide the set of iterates U
for which BFGS updating takes place into two subsets: U’ corresponds to the iterates in which
W, is computed by Broyden’s method, and U” to the iterates in which finite differences are used.
We also define U, = U'n{1,2,..,k}and U}/ =U" N {1,2,...,k}.

Summing over the set of iterates in Uy, using (5.34) and (5.40), and noting that Bj4; = Bj
for j ¢ Uk, we have

W(Brpr) < 9B +C1 Y. 0i?+C2 Y 0 +Cs ) i) (5.41)
jeuy jeu; jeul

for some constants C;, Cz, C3. By (5.11) and since |U]'| < |U;1,

Z UJ}/2 < Z Cl/2,,|u,-|/2

jeUII jEUlI
< g
J'GUII
1!
= 201/21,1'/2
i=1
< oo,
Similarly
Z 0; < 00,
jeu’

and since {7:} is summable, we conclude from (5.41) that {$(Bx)} is bounded above. By (5.14)
$(Bi) = Tr,(li —Inl;), where I; are the eigenvalues of B, and it is easy to see that this implies
that both ||Bi|| and ||B; || are bounded.

To prove (5.26), we sum relations (5.33) and (5.39), recalling that o¢, 7¢ and 0',1‘/ ? are
summable, to obtain

¢(§k+1)sc+z(lncos20.k+[l— L +1In L ]),

jev. cos? @ cos? ;.

for some constant C. Since 1/)(ng+1) > 0, and since both In cos? 8; and the term inside the square
brackets are nonpositive, we see that

klim Incos?f; =0

keU
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and

lim [1- LZNS P L ] —0.
Yev cos? 0 cos2 0

Now, for £ > 0 the function 1 — z + Inz is concave and has its unique maximizer at z = 1.
Therefore the relations above imply that ‘

lim cos 6 = lim g = 1. (5.42)
keU k€U
Now from (5.18)—(5.19)
IGT**(B = Gupall?  _  lI(Be = Diell?
G+ pal? l15l/?
_ |1Bidl|* — 25T Bedr + 37 5
= e
it
= — — 20 + 1.
cos 62 1

It is clear from (5.42) that the last term converges to 0 for k € U, which implies that (5.26) holds.
(m]

This result immediately implies that the iterates are R-linearly convergent, regardless of how
often updating takes place.

Theorem 5.7 Suppose that the iterates {zi} generated by Algorithm II converge to a solution
point z, that satisfies Assumptions 5.1. Then the rate of convergence 1s at least R-linear.

Proof. Theorem 5.6 implies that the condition number of the matrices { By} is bounded. There-
fore, all the iterates are good iterates. Reasoning as in the proof of Theorem 5.4, we conclude

that for all j ” I o
Tj — Tu S )

for some constants C >0and 0 < r< 1.
a

We can now show that the Broyden matrices S are bounded. This task is easy, since we have
established that the iterates {z;} converge R-linearly. We make use of the well-known bounded
deterioration property for Broyden’s method (cf. Lemma 8.2.1 in Dennis and Schnabel (1983)),
which states that under Assumptions 5.1

Sk+1 — ZT Wl < ISk — ZIW.|| + Cox,

for some constant C > 0. As a result of the R-linear convergence of {z}}, we obtain

k
Ses1 = ZTWLll < ISt = ZTWL|[+C Y on

i=1
< 00,
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which shows that the matrices Si remain bounded. We then see from (3.12) that the Broyden
corrections wy and Wy satisfy

we = O(|lpyll) @k = O(llpvll), (5.43)

and it is clear that the safeguards (3.13) and (3.14) become inactive for all large k. Therefore, the
algorithm will not modify the information supplied by Broyden’s method, asymptotically. This
is an important point in establishing superlinear convergence.

6. Superlinear Convergence

Without the correction terms wy and W, and with appropriate update criteria, Algorithm II
is 2-step Q-superlinearly convergent. This was proved by Nocedal and Overton (1985) assuming
that Y; and Z are orthogonal bases and assuming that a good starting matrix B, is used.
This result has been extended by Xie (1991) for more general bases and for any starting matrix
B: > 0. In this section we will show that if the correction terms are used in Algorithm II, the
rate of convergence is 1-step Q-superlinear. This result is possible by Update Criterion I and by
the selected application of finite-difference approximations, which allow BFGS updating to occur
more frequently.

To establish superlinear convergence, we need to ensure that the steplengths ar have the
value 1 for all large k. When a smooth merit function, such as Fletcher’s differentiable function
(Fletcher (1973)) is used, it is not difficult to show that, near the solution, unit steplengths give
a sufficient reduction in the merit function and will be accepted. However, the nondifferentiable
£, merit function (1.7) used in this paper may reject steplengths of one, even very close to the
solution. This so-called Maratos effect requires that the algorithm be modified to allow unit
steplengths and to achieve a fast rate of convergence. We will not consider this modification
here, so as not to complicate our already lengthy analysis and since it does not affect the main
structure of the algorithm or its essential properties. In the companion paper (Biegler, Nocedal,
and Schmid (1993)), which is devoted to a numerical investigation of Algorithm II, we describe
how to incorporate the nonmonotone line search (or watchdog technique) of Chamberlain et al.
(1982) that allows unit steplengths to be accepted for all large k. The analysis of the modified
algorithm would be similar to that presented in §5.5 of Byrd and Nocedal (1991).

In the remainder of this section we assume that the iterates generated by Algorithm II con-
verge R-linearly to a solution and that unit steplengths are taken for all large k. We begin by
showing that the damping parameter (i, used in (3.43) to ensure that descent directions are
always generated, has the value of 1 for all large k.

We have shown in Theorem 5.6 that ||B;}|| is bounded above. Also, (5.21), (5.2), and (3.42)
show that, when finite differences are used, wx = O(|lpy||) = O(llckll), and by (5.43) we see that
this is also the case when Broyden’s method is used. Using these facts, and noting that ||-|| < ||-[l1,
we see that there is a constant C such that the left-hand side of (3.38) can be bounded by

Cx[2 cos O 9T Zrwe| + wl By ' 27 g + i By 'wi] < [CeClllell + CellexlDlleklls,

since g7 Zi = O(||ex]|)- As the iterates converge to the solution, and since (; < 1, the term inside
the square brackets is less than the constant p given in (3.38), showing that (; = 1 for all large k.
This and the remarks made at the end of §5 show that all the safeguards included in Algorithm II
become inactive asymptotically.

We can show that the Broyden matrices satisfy the condition of Dennis and Moré (1974)
for superlinear convergence. Note from Algorithm II that a Broyden update of Sk is always
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performed, regardless of whether a BFGS update of By takes place or not. The following result
is a straightforward modification of a well-known property for Broyden’s method.

Lemma 6.1 Suppose that the iterates generated by Algorithm II converge R-linearly to a point
z. that satisfies Assumptions 5.1 and that the matrices Sx remain bounded. Then

(S = ZTW.)dell
lldll

=0. (6.1)

limg—oo

Proof. The proof is essentially given in Griewank (1986) and is also very similar to the analysis
in Dennis and Schnabel (1983, pp. 183-4), but we will give it here for the sake of completeness.
Using the Broyden formula (3.9), we have

Str = ZW. = 'Sk—ZTW.+@%?—)S_$

vk — ZTW.5;)5T (ZTW — S0l
5% 5k Tsr

(Sk — ZTW.)(I — 5,57 /5T 58) + (4 — 27 Wa5i)5% T /5T 5.

= Sk—Z_TW.-i-(

Defining Ex = Si — ZT W., applying Lemma 8.2.5 of Dennis and Schnabel (1983), recalling
(3.10)-(3.11), and using the Mean Value theorem, we obtain

1Eenalle < 1B = 558 /55 50)llF + O(a%)

| Exael?
Ei||r = ==————— + O(o%).
1Ellr = Sz iesare 0

A

IA

Rearranging this expression yields

(| Ze |12
15112

and since the elements of S remain bounded, we have for some A that for all k > k, || Ee|] < A/2

and -
Es
Z U3 o Agglle + 5 O(on)].
k=Fk

< 2| Eellr UEellF — | Ex4allr + O(ow)], (6.2)

15112
Since {0} converges R—linea.rly, the last term is summable, which implies that

. Ei5e|)?
lim | Ex5kll

— = 0.
k—oo |5k

Noting that 5; = axdy gives the desired result.
a
This lemma shows that Si is an accurate approximation to Z7 W, along d;,, and Theorem 5.6
shows that, when updating takes place, By is an accurate approximation to ZTW,Z. along py.
We will use these two facts and the following lemma, which is an application of the well-known
result of Boggs, Tolle, and Wang (1982).
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Lemma 6.2 Suppose that the iterates generated by Algorithm II converge R-linearly to a point
z, that satisfies Assumptions 5.1, and suppose that ax = 1 for all large k. If, in addition,

_ 2T
“kaz + wg Zt W*dk” - 0, (63)

im
k—oo [Idll

then the rate of convergence is I-step Q-superlinear.

Proof. Nocedal and Overton (1985, Theorem 3.2) show that if an algorithm of the form

()] 2]

Ck

Ti41 = Tk +dy,

converges to a point z. that satisfies Assumptions 5.1, and if

Sk = ZTW)dill
Jim, el =0, (6:5)

then the rate of convergence is superlinear. Algorithm II clearly satisfies the second equation in
(6.4), A{dk = —ci. Now, since di = Yipy + Zipz, we have

Ye Zi) Ve = | BY ] . :
Vi Zx]™ ds [pz (6.6)
Let us write wg = Tkpy for some matrix T;. Then, recalling that (¢ = 1 for all large k, we have
from (3.43) that

[Tk Bk][Yk Zk]-l(lk = —Zng.

Thus we can define S¢ = [Tk Bi][Yx Z]™*, and the condition (6.5) for superlinear convergence is

i, WUTe BullYe Ze]™" = ZTWo)dell _ o
k=00 lld|l

However, using (6.6) and wx = Tipy, we have that [T} B;][Y: Z]"Ydr = Tepy+Bipz = wi+Bipz,
giving the desired result.
a
We can now prove the final result of this section. The analysis is complicated by the fact that
BFGS updating may not always take place, and by the fact that the correction terms are some-
times computed by finite differences and sometimes by Broyden’s method. We therefore consider
the following three sets of iterates, based on Update Criterion I and illustrated in Figure 2.

o Ry = {12l < 220},
o Ry={j ¢ RllIpPNl < 169N1/0}"},
o Rs= (illpll > 11511/},
and note that both v; and o are summable.

Theorem 6.3 Suppose that the iterates generated by Algorithm II converge R-linearly to a point
z. that satisfies Assumptions 5.1, and suppose that ax = 1 for all large k. Then the rate of
convergence is 1-step Q-superlinear.
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Proof. Since di = Yipy + Zrpz, we have

[ ’;‘; ] = [Ye Z¢]" ds.

Therefore, Assumption (5.3) implies that

llpvll = Olldell),  llpzll = O(lidel))- (6.7)

Now

|Bepz — 2T W Zipz|| + llwi — ZT W.Yipy|
|Bipz — ZT Wi Zups|| + ||wi — ZT W.Yipv ||
+O(|lexllllpzll)-

Since by (6.7) the last term is of order o(||pz||) = o(||dk||), the objective of the proof is to show
that

| Bepz + wi — ZTWidi|| <
<

|Bepz — ZT W Zupal| + llwe — Z7 W Yiepv|l = o(lldell), (6.8)

for this together with (6.3) will give the desired result. We consider the three regions R, R, and
R; separately. Algorithm II is designed so that, in R;, w; must be computed by finite differences.
On the other hand, since p; is recomputed in Step 7, after which we can be in any of the three
regions, we see that in R; and R3 w; may be computed by finite differences or by Broyden.

If k € Ry, we have that ||py|| = o(||pzll) = o(||dk|l). We also know from (5.43) that w; =
O(l|lpy||) when the correction is computed by Broyden’s method, and by (5.21) this relation also
holds when wy is computed by finite differences. Therefore, for k € R,

llwe — 27 W.Yepx|l = o(lldell)- (6.9)
Furthermore, since updating always takes place in R;, (5.26) holds:
|Bipz — 2T W Z.pzll = o([ldkll)- (6.10)

We have thus established (6.8) for all k € R;.
Let us now suppose that k € Ry, in which case wy is computed by finite differences. Using
(5.22), we have that
lwi — Z7 W.Yepvll = o(llpxll) = o(lld:ll), (6.11)
where the last step follows from (6.7). Since updating always takes place in Rz, Equation (6.10)
also holds in this case, and we conclude that (6.8) holds for all k € R».
Finally we consider the case when k € R3. Now p; satisfies

pz = o([lpy|l) = o(lldkl])- (6-12)

If k € Rs and the correction term wy is computed by Broyden’s method as wx = SiYipy (see
(3.12)), we have

N(Se — ZTW.)Yepyl|

Jlwe — ZTW.Yipy|| =
< NSk = ZTWa)del|l + 1(Se — Z2TW.) Zepzll-

Using (6.1), (6.12), and the boundedness of Si, we see that the right-hand side is of order o(}|dk|]),
so that (6.11) holds. On the other hand, if w is computed by finite differences, we have directly
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from (5.22) that (6.11) holds. In addition, (6.12) and the boundedness of B show that (6.10)
holds for all k € R3, regardless of whether finite differences or Broyden’s method are used.
a

7. Final Remarks

We have presented a new reduced Hessian algorithm for large-scale equality-constrained opti-
mization. The motivation for this work has been practical: our earlier reduced Hessian code, de-
signed for large problems, was often subject to instabilities, and we have aimed to develop a more
robust algorithm that resembles the full-space SQP method but is less expensive to implement.
In a forthcoming paper (Biegler, Nocedal, and Schmid (1993)), we discuss our computational
experience with the new method. That paper describes how to handle inequality constraints and
discusses numerous important details of implementation not considered here. These include the
choices of all constants and tolerances, the strategy for coping with the case when the basis matrix
C in (2.1) changes, and the procedure for computing the damping parameter (i, which was only
outlined in (3.39). We also discuss in that paper how to apply the updating criterion away from
the solution. We believe that the new algorithm can be very useful for solving large problems,
especially those with few degrees of freedom.

We have focused only on convergence results that helped us in the design of the algorithm
and that revealed its main properties. The analysis was complicated by two factors. We did not
assume that the BFGS matrices B; or the Broyden matrices S were bounded, which required
careful consideration of their behavior. This analysis paid off by suggesting safeguards that are
useful in practice and ensure a superlinear rate of convergence. The other complicating factor
was the fact that the frequency of BFGS updating can vary drastically: it can take place at
every iteration, never, or in various patterns. As was found earlier by Xie (1991), it is necessary
to develop the theory in sufficient generality to cover all of these cases, and this significantly
increased the complexity of some of the results.

Acknowledgment. We thank R. Byrd for many interesting discussions on the subject of this
paper.
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Figure 1

Comparison of Coleman-Conn method and Algorithm 1
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Three regions generated by Update Criterion I
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