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ON THE IMPLEMENTATION OF MIXED METHODS
AS NONCONFORMING METHODS
FOR SECOND ORDER ELLIPTIC PROBLEMS

TODD ARBOGAST aND ZHANGXIN CHEN

ABSTRACT. In this paper we show that mixed finite element methods for a fairly
general second order elliptic problem with variable coefficients can be given a non-
mixed formulation. (Lower order terms are treated, so our results apply also to
parabolic equations.) We define an approximation method by incorporating some
projection operators within a standard Galerkin method, which we call a projection
finite element method. It is shown that for a given mixed method, if the projection
method’s finite element space M}, satisfies three conditions, then the two approxi-
mation methods are equivalent. These three conditions can be simplified for a single
element in the case of mixed spaces possessing the usual vector projection operator.
We then construct appropriate nonconforming spaces M} for the known triangu-
lar and rectangular elements. The lowest-order Raviart-Thomas mixed solution on
rectangular finite elements in IR? and IR, on simplices, or on prisms, is then imple-
mented as a nonconforming method modified in a simple and computationally trivial
manner. This new nonconforming solution is actually equivalent to a postprocessed
version of the mixed solution. A rearrangement of the computation of the mixed
method solution through this equivalence allows us to design simple and optimal
order multigrid methods for the solution of the linear system.

1. Introduction. We consider the following elliptic problem for u on the bounded
domain 2 C IR", n = 2 or 3, with boundary 82 =T U Iy, IT' NI, = {:

(1.1a) V.o+du=f 1in {2,
(1.1b) o=—a(Vu+bu—c) in {2,
(1.1¢) u=—g onl,

(1.1d) c-v=0 on Iy,

where a(z) is a uniformly positive definite, bounded, symmetric tensor, b(z) and
c(z) are bounded vectors, d(z) > 0 is bounded, f(z) € L%*(12), g(z) € H*(2)
(H¥(2) = Wk2(£2) is the Sobolev space of k differentiable functions in L2(f2)),
and v is the outer unit normal to the domain. Let (-, - )s denote the L?(S) inner
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product (we omit S if S = {2). Assume that the problem is coercive in the sense
that there is a positive constant & such that for any v € (L%(£2))" and w € L2(R2),

(12)  (@70,0) + (bw,v) + (dw,w) 2 K{{[o]gagayyn + (dw,w)

(this immediately implies that if d = 0 a.e. on a set S, then b = 0 a.e. on 5).
Assume also that if It = @, d > 0 on some set of positive measure, so that if
v = —a(Vw + bw — ¢), then a generalized Poincaré inequality gives us control over
w.

Problem (1.1) is recast in mixed form as follows. Let

H(div; ) = {v € (L*(2))": V-v € L} (@)},
V={ve H(div;2) :v-v =0 on I}},
W = Lz(.Q).

Then the mixed form of (1.1) for the pair (o,u) € V x W is

(1832)  (V-o,w)+(du,w) = (f,w), VweW,
(1.3b) (a™0,0) = (4, V -v) + (bu,v) = (¢,v) + (g,v - ), Vv € V.

In 1985, Arnold and Brezzi [1] showed that if b= ¢ = d = 0, and n = 2, the
mixed finite element methods for the even order Raviart-Thomas spaces defined
over triangles are equivalent to certain nonconforming methods. In particular, the
lowest order Raviart-Thomas space defined over triangles [21] is equivalent to a
simple modification of the P;-nonconforming Galerkin method. This nonconform-
ing method yields a symmetric and positive definite problem (i.e., a minimization
problem); whereas, the mixed formulation is a saddle point problem.

Marini [18] noted that the computational cost of this modification is almost nil,
if a is a piecewise constant scalar. This equivalence has been exploited to obtain
optimal L>°(f2)-error estimates for the mixed method [16]. Recently, Brenner [4]
has used the equivalence to define and analyze an optimally convergent multigrid
method. Chen [9], [11] has derived some nonconforming methods that are equiva-
lent to certain lower dimensional mixed methods, and exploited superconvergence
properties to obtain a better approximation to the scalar variable.

Analogous equivalences for problems with nonzero low order terms or for prob-
lems posed in higher dimensions (say n = 3) have not been shown. It is necessary
to obtain an equivalence for d # 0 to treat time dependent, parabolic problems.
Moreover, an equivalence has not been shown for rectangular mixed methods, even
though they are used widely in practice. We consider such problems in this paper,
concentrating on the case of the lowest order Raviart-Thomas mixed method de-
fined over rectangles or rectangular parallelepipeds. An outline of the paper and a
summary of our results follows.

We begin in Section 2 with the development of a general theory on the equivalence
of mixed and nonconforming methods. Our theory is similar to but more general
than that developed earlier by one of the authors [11]. We generalize the results of
Arnold and Brezzi [1] in defining a nonconforming method for some finite element



MIXED METHODS AS NONCONFORMING METHODS 3

space My. It is a Galerkin method with the addition of some special projection
operators, and hence we will call it a projection finite element method. We then
develop three conditions on My that are sufficient to imply the equivalence of the
projection method to a given mixed method. In Section 3 we consider the problem
of constructing finite element spaces that satisfy these three conditions. We derive
a simple local criterion that guarantees the equivalence in the case of mixed spaces
possessing the usual vector projection operator. In Sections 4 and 5, we use this
general theory to define equivalent projection methods for various mixed methods
for the problem (1.3). We treat the mixed spaces of Raviart and Thomas [21],
Nedelec [19], Brezzi, Douglas, and Marini [8], Brezzi, Douglas, Duran, and Fortin
[6], and Brezzi, Douglas, Fortin, and Marini (7] defined over triangles or rectangular
parallelepipeds in IR? and IR®. Our nonconforming spaces perhaps illuminate some
of the relationships between these mixed spaces. We point out that projection finite
element spaces are not necessarily unique, since two such spaces are known for the
lowest order Raviart-Thomas space over triangles: the one defined by Arnold and
Brezzi [1] uses cubic “bubble functions” while the one defined by Chen [11] uses
quadratic bubble functions.

Then, for several sections, we restrict our attention to the lowest-order Raviart-
Thomas mixed method on rectangles. In Section 6, our general projection space
is shown to have a nice structure. It is a simple augmentation of a standard non-
conforming Galerkin space with P,-bubble functions. These bubble functions are
orthogonal in some sense to the standard nonconforming part of the solution. Di-
agonal a and a modification to the mixed method, in which the coeflicients are
projected into the space of piecewise constants, allows us to exploit this fact. We
can therefore give an explicit expression for the bubble function corrections (see
formula (6.9) below), and so the method is easily implemented. A trivial post-
processing of its solution recovers the mixed solution. However, the nonconforming
solution has better convergence properties than the mixed solution in that the scalar
variable is approximated to the optimal order two (see Section 7). Alternatively,
we may view the nonconforming solution as an approximation to u obtained by a
special postprocessing of the mixed solution.

This equivalence is exploited in Section 8 to derive optimal order multigrid algo-
rithms for the mixed and nonconforming methods. Unlike the multigrid algorithm
imposed in [4] for the lowest-order Raviart-Thomas mixed triangular finite element
method, our multigrid algorithms are based on standard nonconforming finite ele-
ment methods. The bubble functions can be handled separately in the computations
because of the orthogonality; in fact, the mixed method solution can be obtained
without the need to obtain multigrid approximations to the bubble functions. The
convergence of the multigrid algorithms is shown in the appendix.

The above results will be shown explicitly in two space dimensions. We will ex-
tend them to the three dimensional case of mixed methods defined over rectangular
parallelepipeds in Section 9, and also in an analogous way to simplices and prisms
in Sections 10 and 11.

Problem (1.1) arises in many practical applications. We note only that the simple
formula (3.2) given below for the calculation of the flux variable o is very useful in
calculations and in obtaining a prior: estimates for the numerical electric fields of
semiconductor devices [12].
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2. Equivalent Projection Finite Element Methods. To define a finite ele-
ment method, we need a partition &, of {2 into elements E, say, simplexes, rect-
angular parallelepipeds, and/or prisms, where only edges or faces on 8f2 may be
curved. In &, we also need that adjacent elements completely share their common
edge or face; let 9, denote the set of all interior edges (n = 2) or faces (n = 3)
e of &. We tacitly assume that 8€, # 0. Finally, each exterior edge or face has
imposed on it either Dirichlet or Neumann conditions, but not both.

Let V4 x W), C V x W denote some standard mixed finite element space for
second order elliptic problems defined over &, such that V - Vi = W4 (see, e.g., [6],
[7], [8], [13], [19], and [21]). This space is finite dimensional and defined locally on
each element E € &, so let V4(E) = V4|g and Wi(E) = Wh|e. The constraint
Vi C V says that the normal components of the members of V,, are continuous
across the interior boundaries in 9&,. Following [1], we relax this constraint on Vi
by defining

Vi = {v € L*(2) : v|p € V4(E) for each E € &,).

We then need to introduce Lagrange multipliers to enforce the required continuity
on Vj, so define

Ly = {u € L2( U e) tple € Vi - v, for each e € 05;,}.
e€AE,
The mixed finite element solution of (1.3) is (op,up) € Vi x Wy satisfying
(2.1a) (V-on,w) + (dup,w) = (f,w), Ywe Wy,
(2.1b) (a lon,v) = (up, V- v) + (bup,v) = (c,v) + (g,v-v)r,, Vv € V;.

It has a unique solution by (1.2). The unconstrained problem is to find (oh,un,Ap) €
Vi x Wi x Ly such that

(2.2a) Z (V-on,w)g + (dup,w) = (f,w), Yw e Wy,
Ee€E,
(2.2b) (a oy, v) — Z [(uh,V -v)E — (A, v - l/E)aE\an] + (bup,v)
I AT AN
=(e,v)+(g,v- V), Vv €T,
(2.2¢) > (on - vE,m)oman =0, Vu€ Ly.
Eeg,

Note that o and uj are identical in the two formulations, since (2.2¢) enforces
o € V.

We need some projection operators. Let Pw, : L2(£2) — W, denote L?(02)-
projection: For ¢ € L?(2),

(2.3) (tp - 'Pwhcp,w) =0, Vwée W,.

Similarly let P, : L?*(Ueese, €) — Li be L?*(Ueess, e)-projection. To handle vari-
able a(z), we introduce the weighted (L2(£2))"-projection Py, : (L2 (2)" - W
defined by

(2.4) (@™ (¢ = Pvyp),v) =0, Vuve V.
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Note that each of these operators is defined locally on each E € & or on each
e € 0, since only Vj has a continuity constraint.

We define now in an abstract sense our projection finite element method. Let
M), denote some as yet unspecified finite dimensional finite element space defined
over &, such that the degrees of freedom of M|, vanish. We seek 1p € My — ¢
satisfying

(2.5) > (Pula(Vien + 5Pw, b — ), VE) g + (dPw, ¥n, Pw, )
Fe&E,

= (f’PWhé), V€ € M.

Our goal is to define M}, so that

(2.6a) on = =Py, [a(Ven + bPw, ¥n — c)],
(26b) Up = PWh l/"h’
(2.6¢) Ab = PL, Y.

The first requirement is that M}, give rise to a legitimate finite element method
defined by (2.5); hence, we require that there exists a unique solution to the prob-
lem. Since (2.5) is a square linear system, uniqueness implies existence. For unique-
ness, if ¢, € M}, satisfies

z (ﬁvh [a‘(vdjh + bPWh ¢h)]’v€)E + (dPWh ¢h7pwh 6) = Oa VE € Mha
E€é&,

then we need to show that 1, = 0. Take £ = v, note that by (2.4),

(Pvi(aVen), Vin) g = (a7 Py, (aVebn), aVipn)
= (a7 Pv,(aVen), Py, (aVn)) g,
(Pv, (abPw, ¥n), Vo) g = (a7 Py, (abPw, ¥n), aVeon)
= (

5Pw, ¥h, Py, (aVihn)) o

and then apply coercivity (1.2) to conclude that both || Py, (aV¥n)|l(2(2))» = 0

and (dPw, ¥r,Pw,¥r) = 0. The former requires that the Py, -projection of aViy
be zero on each E € &p:

(a='aVip,v)p =0, Yo e Vi(E).

We therefore require of the space M}, the first condition:

(C1) For £ € My, if (V& v)g = 0 for all v € Vi(E) and all E € &, and if
(dPw, &, Pw, &) =0, then € = 0.

In order that (2.6¢c) makes sense, we require that

(C2) For £ € My, its projection Py, £ can be uniquely defined on each e € 0&.
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We can consider now the equivalence of the two schemes (2.2) and (2.5). It is
convenient to take 1, as given by (2.5) and let o, up, and A, be given by (2.6).
We then show that (2.2) results.

By the definitions (2.6), definitions (2.3) and (2.4), and finally integration by

parts, we see that for any v € V},

27)  (a7Pon,v) = Y (s, V- 0)E = (An, v - vB)omva0] + (bun, v)
Ecé,

= —((I-I?EV,l [a(V'l,[)h + bPWh ¢h - C)]’ ’D)

- Z [(Pw,¥on,V - v)g — (PL, %h,v - vE)og\an] + (bPw, ¥h,v)
E€€,

== > (Vn + bPw, b — c,v)

Eegh

- Z (%8, V - v)E — (b, v - ve)ap\on| + (bPw, ¥, v)
Eeg,

= > [=(V¥n = c,0)p + (Vobn,v)5] + (9,0 )n,
Eeg,
= (Cav)+(g’v : V)rl;

this is (2.2b).
For (2.2a)and (2.2c), we integrate the first term on the left-hand side of (2.5) by
parts to see that for any £ € My,

(2'8) Z ('ﬁv,,[a(Vd)h-{-b’Pth/)h—c)],V{)E= 2 [(V'Uhaﬁ)E_(ah'VEag)aEk

Ec&, Ee€é&
hence, introducing two projection operators, (2.5) becomes

(2.9)
Y (V0n,Pw,&)e + (dun, Pw, ) - Y (onve,PL,E)or\on
Ecg, Ee&y
= (f,Pw,§), VE€ My,

where P, £ on OF is defined on the trace of ¢ from within E. To separate infor-
mation on OF from that in E, we require the third condition on My:

(C3) For any (w,u) € Wy x Ly, there exist €1,€2 € My, such that

. P w61 =w, . P h€ =0,
(1) {Pf,,&i ___;U. and (i1) {'P‘:,Ez — .

The £, gives us (2.2a) while the ¢, gives us (2.2¢).

Since any u, and A\, can arise as a solution to (2.2) by adjusting the data,
condition (C3) is also necessary for the equivalence. We have shown the following
theorem.
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Theorem 1. For a given mized finite element method (2.1) or (2.2) such that
Wp =V - Vy, the projection finite element method (2.5) 1s well-defined if, and only
if, My, satisfies (C1). Moreover, if M} satisfies (C1) and (C2), these two methods
are equivalent by the relations (2.6) if, and only if, M}, satisfies (C3).

Theorem 2. If a given projection finite element method (2.5) with projection space
Vi (and Wy, =V -V, and Ly, defined from Vy,) satisfies (C1)—(C3) and the property
that for any € € M), such that Pr, £ =0,

v,V
(2.10) qp 22 VOE S i

vevirfo}  llvllczzcayn

for some &, > 0, then V}, gives rise to an equivalent mized method (2.1) or (2.2)
for which Vi, and W), satisfy the inf-sup condition [5] for the constant ki: For any
w e Wh;

V-v,w
sup (————)— 2 &hl|lwllL2(2)-
vevi\{o} llvll(z2(ay)m

Moreover, if (2.10) holds uniformly in h, i.e., k1 = Kk 13 independent of h, then also
the inf-sup condition holds uniformly in h.

Proof. For w € Wy, we can choose by (C3) € € M, such that Py, = —w
and Pr,§ = 0. For this £, (2.10) is the inf-sup condition after an integration
by parts. O

3. On the local construction of M;. It is not yet clear whether an appropriate
M, can be constructed for a given mixed method. In this section we consider the
question of how to construct such an Mj,. We do not discuss problems associated
with the outer boundary of the domain, but instead concentrate on the local spaces
defined on some E € &, with edges or faces e € 9E},.

We begin by noting that dimensional considerations for satisfying (C1) and (C3)
easily show the following corollary of Theorem 1, wherein M(E) = My|g and
Lh( e) = the-

Corollary 1. If a given mized finite element method (2.1) or (2.2) (with W), =
V - Vi) 1s equivalent to the projection finite element method (2.5) by the relations
(2.6), then, for each E € &, such that OE N3N =0,

dim(Wh(E)) + Y dim(La(e)) < dim(Mn(E)) < dim(Vi(E)) + 1.
eCOF

The left-hand side of the inequality follows from (C3), and the right-hand side
from (C1). This result can be used to bound the dimension of Mj(E); it may even
show that Mj(E) cannot exist for some novel mixed methods.

We now localize the condition (C1) as follows:

(C1') For € € Mp(E), if (V& v)g =0 for all v € V3(E), then £ is constant on E.
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Theorem 3. Suppose that Vi, x W), is a mized finite element space such that W}, =
V-Vi, 1 € Wi(E) for each E € &, and 1 € Ly(e) for each e € 0Ey,. If M, satisfies
(C1') for each E € &, and (C2), then M), satisfies (C1).

Proof. For some £ € My, suppose that (VE,v)g =0 for all v € V4(E) and E € &,
and (dPw, ¢, Pw,€) = 0. We conclude from (C1') that ¢ is constant on each E.
Since (C2) requires a unique definition of Pr, £, in fact £ is a constant on all of £2.
Finally, either Iy # 0 or d > 0 implies that £ = 0. O

The mixed method spaces that we consider have the property that there exists
a projection operator IT; : (H'(E))" — Vi(E) such that
(3.1a) V. (ITpv) = Pw, (V - v),
(3.1b) (IIyv) - v =P, (v-v).
We exploit this fact in the following way.
Theorem 4. Suppose that E is convez and that V4(E) x Wi(E) is a mized finite
element space such that Wy(E) = V - V4(E), 1 € Wi(E), 1 € Ly(e) for each

e C OF, and there ezists an operator II}, : (H'(E))" — Vi(E) satisfying (3.1). If
My(FE) 13 a space of functions such that

dim(M(E)) = dim(Wi(E)) + > dim(La(e))
eCOFE

with unisolvent degrees of freedom described by

(DF1) (&, w)E for all w in a basis of Wi(E),

(DF2) (&, 1) for all p in a basis of Ly(e), for each e C OF,

and if My(E) contains the constant functions, then My(E) satisfies (C1'), (C2),
and (C3).

Proof. The hypotheses (DF) give (C2) and (C3), so we need only show (C1'). Let
As(p) = (¢,1)s/(1,1)g denote a type of average of a function ¢(z) on S C E. For
£ € My(E),if (=¢€— Ag(€) and

(3:2) (V& v)E = (V(v)p=—=((,V-v)e+ > ((v-v). =0
eCOFE

for all v € Vi (E), then we need to show that ( = 0.
Given any w € W, there is some © € V}, such that V-4 = w. Solve the problem

Ap = Asp(v-v) inE,
Vo-v=93-v ondE,
and set v = ¥ — II}Vyp € V4. Then (3.1) implies that v - v = 0 on AE and
V-v=w— Asg(?-v). As a consequence, (3.2) implies that Py, ¢ = 0.
Now for e C OF, take any A € Ly(e) and then any © € V}, such that §-v = )\ on
e. Solve the problem
Ap=V-5—Ag(V-9)+ Asp\e(?-v) in E,
Ve-v=0-v ondE\e,
Veo-v=0 one,
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and again set v = 9 — II},Vy € V}. Then (3.1) and (3.2) imply that Pr,( =0 one.
By the unisolvence of the degrees of freedom, since ( € M}, we conclude that
(=0 0O

4. Equivalent spaces for triangular mixed methods. We are now in a po-
sition to construct some nonconforming spaces that give rise to projection finite
element methods that are equivalent to standard mixed methods. We begin by
generalizing the results of Arnold and Brezzi [1] to the known triangular methods.
These mixed spaces satisfy the conditions of Theorem 4, so it remains only to define
over a triangle T a space M} (T) of the correct dimension and prove the unisolvence
of (DF).

Let Px(E) denote the space of polynomials of total degree less than or equal to k
defined in E. We will make use of the barycentric coordinates Z;,i=1,2,3, defined
on T to be the unique affine functions that take the value one at vertex :, and
the value zero on the opposite edge. Finally, for any edge e, let Isk(e) denote the
L?(e)-orthogonal complement of Pi(e) in Px—1(e) (i.e., the span of the Legendre
polynomials of exact degree k).

4.1. The Raviart-Thomas spaces on triangles. These spaces [21] are defined
for each k > 0 by

VHT) = (P(T))" & ((2,9)PL(T)),

Wi (T) = P(T),
Li(e) = Pi(e).

First let us recall what is already known for the lowest order space. An M}, (of
dimension 4) for this space is [1], [11]

Mu(T) = Pi(T) ® Bn(T),

where we define B, (T') to be the span of either the P3-bubble function,

Be(z,y) = bi(z,y)la(z, y)ls(z,y),

which vanishes on each edge, or the P,-bubble function,

Bh(z,y) = 2 — 3(8(z,y) + E(z,y) + B3(z,y)),

which vanishes at the two quadratic Gauss points on each edge.
For £ € M}, we can write £ = &; + & for £ € Py(T) and &; € Bp(T), and then
the degrees of freedom for the element are normally given as the value of:

Q) [ &@)ds
(ii) & at the midpoint of each edge e C 9T.

(Note that if B,(T) = span{A3.}, we may replace £; by £ in (ii).) An equivalent set
of degrees of freedom can be given by the value of (i) and

(ii") /{(z) do(z) for each edge e C OT;;
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(ii) and (ii") are equivalent since midpoint quadrature is exact for linear functions.
These degrees of freedom are (DF1) and (DF2), and their unisolvence is known.
For the family as a whole, we define

ME(T) = {ve Pys(T):vjee Pk+1(e)}~ if k is even,
{v € Pit3(T) : v|e € Pi(e) @ Piia(e)} if kis odd.

We first show that M} (T') has the correct dimension. The dimension of Pi+3(T)
is 2(k + 5)(k + 4), which is exactly six more than dim(W;(T)) + 3dim(Lx(e)) =
3(k 4+ 8)(k + 1). For simplicity, assume that k is even; the odd case is similar. For
any £ € Pr43(T), we can write that

€)= Y afi(e)f()
0<i+j<k+3
for some constants a;;. If now ¢ € MF(T), then €|, € Piyi(er) implies that
ao,k+3 = ag k+2 = 0, and 6'32 € Pk+1(62) implies that Qk+3,0 = ak4+2,0 = 0. On e3,
éz =1- él, SO
Elea= Y, aiifi(1—4) € Peyi(es)

0<i+5<k+3

implies that
Z (-1)Ya;; =0 and Z (-1)a;; + Z j(=1)"1q; ; =0.
i+j=k+3 +j=k+2 t+j=k+3
These six conditions are clearly independent, so M¥(T) has the correct dimension.
Now we consider the unisolvence of (DF). Suppose that £ € MF(T) has degrees of

freedom (DF') equal to zero. The (DF2) imply that on each edge e, ¢ is a Legendre
polynomial of degree k + 1 if k is even and k + 2 if k is odd, i.e., of odd degree.
Since the odd degree Legendre polynomials are odd functions, traversmg 0T, we
see that ¢ must vanish identically on the boundary. As a consequence, we write
that £ = €1£2€3w for some w € Pi(T). Now (DF1) shows that (€1€2€3w w)r =0,
which finally gives that £ = 0.

We remark that if k is even, we obtain the nonconforming method of Arnold and
Brezzi [1].

4.2. The Brezzi-Douglas-Marini spaces on triangles. These spaces [8] can
be defined for each k > 1 by

VHT) = (Pu(T))?,
WE(T) = Pi_y(T),
Lk (e) = Pi(e).

Let us define
M(T) = {v € Pey2(T) :v|e e Piy1(e)} if k is even,
" {v € Peya(T) : vle € Pe(e) ® Prega(e)} if k is odd.

Since dim(Pi+2(T)) = 3(k + 4)(k + 3) is exactly three more than dlm(Wh(T)) +
3dim(Ln(e)) = 2(k + 6)(k + 1), an argument as above shows that M} (T') has the
correct dimension. The unisolvence of (DF) is also shown as above.
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5. Equivalent spaces for rectangular parallelepiped mixed methods. We
now construct some nonconforming spaces that give rise to projection finite element
methods that are equivalent to standard mixed methods defined over a rectangle
or rectangular parallelepiped R C IR", n = 2 or 3. Again the mixed spaces satisfy
the conditions of Theorem 4.

For simplicity, assume that R = [—1,1]®. We will make use of the Legendre
polynomials p,,(z;) of degree m defined on the interval [—1,1]. Recall that Px(R)
is the space of polynomials of total degree less than or equal to k defined in R, and
let Q¢,m(R) denote the space of polynomials of degree less than or equal to k in
z1, £ in z2, and m in z3 (where m and z3 are absent if n = 2).

5.1. The Raviart-Thomas spaces on rectangles. These spaces [21] are defined
for each k > 0 by

Vi (R) = Qk41,k(R) X Qr k+1(R),
Wi (R) = Qki(R),
L¥(e) = Pi(e).

We define

MF(R) = Q42,c(R) ® Qr k+2(R) = Qi x(R) ® A¥(R) ® B*(R),

where
k

(5.1a) A¥(R) = {Z[ai,lpk+l($l) + a; 2pk+2(21)lpi(22) < @i € IR},
z—kO

(5.1b) B*R) = {zpi(xl)[bi,lpk+l(x2) + bi2pr42(z2)] 1 bij € IR}.

1=0

Note that dim(A*(R)) = dim(B*(R)) = 2(k + 1), so it is trivial to verify that
dim(MF(R)) = dim(W}(R)) + 4 dim(L(e)).

We need to show that the degrees of freedom (DF) are independent. Assume
that the (DF) are zero for some £ € M,'f(R) = &1 + & + &3, where & € Qr ix(R),
€, € A¥(R), and & € B¥(R). By the orthogonality of the Legendre polynomials,
(DF1) is zero for A¥(R) and B¥(R), so (DF1) implies that {&; = 0. On the two
sides where z; = +1, (DF2) for B¥(R) is zero, but for A¥(R) we have

k 1
) / [@i1pk+1(F£1) + ai2pr2(£1)]pi(22)p(z2) dz2 =0, Ve € Pi([-1,1]),
i=0 V1

and so a; 1pk+1(£1) + ai2pk+2(E£1) = 0 for each :. Since the Legendre polynomials
are alternately even and odd, we conclude that a;; = a;; = 0 for each :, i.e,
£, = 0. Similarly on the sides where z; = +1 we conclude that {3 = 0,andso £ =0
and we have our unisolvence.

We omit the proofs of unisolvence below, since they are similar to that given
above.
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5.2. The Brezzi-Douglas-Marini spaces on rectangles. These spaces [8] are
defined for each k£ > 1 as

V¥(R) = (PIC(R))2 @ span{curl z;*'z,, curl z; 2541},
Wi(R) = Pi1(R),
Li(e) = Py(e),
where curlw = (—0w/dz,,0w/dz;). We define
M;;(R) = Pe—1(R) & A¥(R) @ BX(R),
where A*(R) and B¥(R) are defined above by (5.1).

5.3. The Brezzi-Douglas-Fortin-Marini spaces on rectangles. Also called
reduced Brezzi-Douglas-Marini spaces [7], they can be defined for each k > 0 as

Vi¥(R) = {¢ € Piy1(R) : the coeficient of 251 vanishes} x

X {¢ € Pry1(R) : the coeficient of z¥*! vanishes},
Wi (R) = Pi(R),
Lj(e) = Pe(e).

Now we define
Mf(R) = Pi(R) ® A*(R) @ B*(R).
Again, A*(R) and B*(R) are defined by (5.1).

5.4. The Raviart-Thomas-Nedelec spaces on rectangular parallelepi-
peds. These spaces are the three dimensional analogues of the Raviart-Thomas
spaces on rectangles, and they are defined [19], [21] for each k > 0 by

VE(R) = Qi41,kk(R) X Qi k41,4(R) X Qi x k41(R),
Wi(R) = Qi x.x(R),
Li(e) = Qr(e).

We define
M§(R) = Qrt2.k4(R) ® Qi k12.4(R) ® Qk,k,k+2(R)
= Qr.xk(R) ® A*(R) ® B*(R) ® C¥(R),
where
kok
A*(R) = { DD leiiapeia(@1) + ai japrea(e)lpi(2)ps(2s) ¢ aije € IR},
=0 j=0
k ]k
B*(R) = { DD pi@)lbispesa(z2) + bijaprsa(e)lps(es) : bije € IR},
1=0 j=0
ko ok
CHR) = { YD pilE)ps(w2)lei japrs(2a) + cijaprsa(s)) : Cijje € IR}.

-
Il
=3

<.
I
[=)
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5.5. The Brezzi-Douglas-Duran-Fortin spaces on rectangular parallelepi-

peds. These spaces [6] are the three dimensional analogues of the Brezzi-Douglas-

Marini spaces on rectangles. They are defined for k > 1 by

Vik(R) = (Pk(R))3 @ span{curl(0,0, z¥*1z;), curl(0, z, 25+, 0), curl(z5+1 23,0, 0),
curl(0,0, z, 25 25—, Hlpk=iz,,0), curl(z¥ iz, 2t 0, 0)},

Wi (R) = Pi-1(R),

Lj(e) = Pu(e).

We define

curl(0, ]

M;(R) = Pi-1(R) ® A*(R) ® B*(R) ® C*(R),

where

(5.2a) A¥(R) = { > [aij1Pk41(21) + ai j2Pesa(z1)]pi(2)ps(Ts) : @i je € IR}7
0<i+j<k

(5.2b) B*(R) = { Y pi(@1)[bi1pr1(72) + bij2pesa(2)lpi(as) ¢ bije € IR},
0<itj<k

(5.2c) C¥(R) = { > pi(z)ps(z2)leijaprsa(as) + cijopera(zs)] : cije € IR}.
0<its<k

5.6. The Brezzi-Douglas-Fortin-Marini spaces on rectangular parallelepi-
peds. These spaces [7] are also called reduced Brezzi-Douglas-Duran-Fortin spaces,
and they can be defined for each k£ > 0 as

k+1
VKR) = {(,9 € Pry1(R) : the coefficient of ka'H ‘iz vamshes} X

1=0

k+1
X {cp € Pi+1(R) : the coeficient of E kt1=igt vamshes}

1=0

k+1
X {so € Pr+1(R) : the coefficient of Z ktl=igd vanlshes}
1=0
Wi (R) = Pu(R),
Li(e) = Pi(e).
We define
M{(R) = Pi(R) ® A*(R) @ B*(R) @ C*(R),
where A¥(R), B¥(R), and C*(R) are defined in the previous subsection by (5.2).
6. Implementation of the lowest order Raviart-Thomas method on rect-
angles. We now concentrate our attention to the lowest order Raviart-Thomas
spaces over rectangles [21] (or equivalently the lowest order Brezzi-Douglas-Fortin-

Marini spaces [7]), since these are widely used in practice. In this and the follow-
ing three sections, let {2 be a planar domain, let £, be a family of quasi-regular
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partitions of 2 into rectangles oriented along the coordinate axes with maximum
diameter k, and let a be diagonal. For simplicity of exposition, assume that a is a
scalar, I, = (), and g = 0.

The lowest order Raviart-Thomas spaces [21] are

Vi = {v:v|r = (ak + akz,a} + aky), ok € R, VR € &;

v - n 1s continuous at the interelement edges of £},
Wi = {w : w|r is constant, VR € &},
Ly = {p : p|e is constant, Ve € 8E;}.

A general, equivalent, nonconforming method is defined above in Subsection 5.1
(and also in 5.3) for the space

My = {f :€|r = ap + akz + aky + ake® + a%y?, ah € R, VR € &;
if Ry and R; share an edge e, then /flaR1 ds = /fl332 ds;

and €lan ds =0}.
ORNON

It will prove advantageous to understand some structure and properties of Mj,.
Let the P,-bubble function in R € &, be defined by

_ 2 _ 2
Br(z,y) =4 - 12((3” h;j) + U h{’yR) )

where (2R, Yr), hRrz, and hry are the center, z-length, and y-length of R, respec-
tively. This bubble function vanishes at the two quadratic Gauss points on each
edge (recall that the Gauss points on [-1,1] are at +1/4/3). Define the nonconform-
Ing spaces

Ny = {6 :€lr = ag + akz + ahy + ak(2® — y?), ah € R, VR € &;

if R; and R; share an edge e, then /flaR, ds = /5]332 ds;

and / londs = 0},
ORNON
By = {€: €|r = aRBr(z,y), ok € R, YRE &},

Namely, N, is a standard nonconforming space and Bj is the set of P,-bubble
functions over &,

Two-point Gaussian quadrature is exact on cubic functions. Therefore we can
rephrase the integral continuity constraint in N (or in My) to say that on interior
edges, the sum of the jump discontinuities in ¢ at each of the two quadratic Gauss
points is zero, and on external boundary edges, the sum of ¢ at the two quadratic
Gauss points is zero.
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Lemma 1. The following three relations hold:
(1) For any R € &, VMy(R) = Vi(R);
(ii) My = Nj @ By;
(iii) For any R € &, (VE,V¢)r =0, V€ € Na(R), ¢ € Ba(R).

Note that (iii) holds if “V£” is replaced by any constant vector, since these are
contained in VN(R).

Proof. Relations (i) and (ii) are trivial. Relation (iii) is a type of orthogonality. It
can be seen after integration by parts,

(V& VORrR = (A Or+ (VE-v,{)sr =0,

since A = 0 and V¢ - v is constant. O

If a is not diagonal, then we cannot easily exploit (i) and (iii). That is why
we have assumed that a is diagonal. In fact, we also need that the coefficients
be piecewise constant. Fortunately, we can use a minor modification of the usual
mixed method (2.1) consisting of projection of the coefficients into the space Wj.
In that case, (i) and (iii) will prove to give us considerable computational savings,
without any loss of accuracy (see Section 7 or [10,14]).

We need to maintain coercivity, so explicitly assume a somewhat stronger version

of (1.2): for any v € (L(2))" and w € L2(R),
(6.1) (arv,v) + (baw,v) + (daw,w) > K{|[v[|{12(q))n + (drw, w)}

for some constant £ > 0 independent of h, where ap = Pw,a~?, by = Pw, b, and
dy = Pw,d. (This follows from (1.2) if @ and d are sufficiently large compared to
b, the coefficients are sufficiently smooth, and h is sufficiently small.)

The mixed method for (1.3) is then to find (o4, us) € Vi x W}, such that

(6.2a) (V-op,w) + (drup,w) = (fa,w), Yw € Wy,
(6.2b) (ahon,v) — (un, V- v) + (bpun,v) = (cp,v), Vv € V,

where ¢, = Pw, c and fr = Pw, f. It is well known that u, approximates u only
to order one; therefore, various postprocessing techniques have been defined to
improve the approximation. Let us define the following scheme (cf. Stenberg [22]):
Find 4, € M), such that in each R € &,

(6.3a) (@h —un,1)gp =0,
(6.3b) ((V’&h + bpup — Ch) + apop, Vf)R =0, Vf € Mh(R)

The equivalent nonconforming projection finite element method for approximat-
ing (1.1) has its coeflicients modified accordingly. We find v, € M} such that

(6.4) Z (ai ' (Von + baPw, s — cn), VE) o + (daPw, ¥n, &)

Reé&,

= (fh,f), V€ € My,
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Theorem 5. The solutions of (6.2)-(6.3) and (6.4) have the relationship

(6.5) on = —a;  (Vion + b Pw,¥h — i),
(6.6) uh = Pw,¥h,
(6.7) Up = Yp.

Proof. Since VMy(R) = Vi(R), Py, is unnecessary in (6.4) and (6.5), and so
(6.5) and (6.6) follow from the general theory (for each fized £, we have fixed
coefficients). Since 1, satisfies (6.3), uniqueness of @ implies (6.7). O

We give now a simple formula for computing the numerical flux o} from an only
slightly modified nonconforming method, (6.8) below.

Theorem 6. For each R € &, let

& = (dwPw, Br — a; 'ABR) Y,
wr =1 —dryrPw, Br,

and on R, define

by = wrbn, ch = cp — bpyrfrPw, Br,

dy, = wrdy, fr =wrfh.

Let zp € N}, be the solution of

(6.8) Z (0 (Vzn + baPw, zn — én), VE) p + (dnPw, 25, €) = (fn, €),  VE € Ny,
Reén

and (, € By, be given by

(6.9) Ch(z,y)|R = YR (fo — d0Pw, 20)|R Br(Z,Y).

Then ¥ € My 13 the solution of (6.4) if, and only if, Yy = zp + (x. Moreover, o},
at a point (z,y) € R € &, 1s evaluated by the formula

(6.10) on(z,y) =
— o {Vzr(z,y) + baPw, 2nlr — én + Yr(fn — dwPw, )| RV BR(z,y) }.

Proof. We begin by noting that 0 < wg < 1, and wg — 1 as h — 0. In fact,
since a, d, and {2 are bounded, wg > w, > 0 for some constant w, independent of
h. As a consequence, (6.1) holds with b, and dj replacing b, and dj,, respectively.
Therefore, (6.8) is well posed.

We exploit the orthogonality (iii) of Lemma 1 to obtain the theorem. Let ¥, be
the solution to (6.4) and let ¥, = z + (i for some z; € Ny and ¢ € By. We must
show that (6.8)—(6.9) hold.
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Restrict to a test function { € B}, in (6.4), and use orthogonality to see that
(6.11)
(0 ' Vh, VE) p + (dPw, Chy )R = (fn — dkPw, 20,€)R, V€ € Bi|r, R € &

Integrate by parts the first term on the left-hand side to obtain that
dPw, Ch — oy 'ACk = (fa — dvPw, z1)|r  in each R € &,

since the boundary term is zero by appeal to Gaussian quadrature. It follows from
the definition of By, that (3 is given by (6.9).

In (6.4), restrict now to £ € Nj, and use (6.9) and orthogonality to obtain (6.8)
for zj, since in each R € &,

(6.12) Pw,vr = Pw, 2o + Pw, Ch = Pw, 26 + YR (fr — dnPw, 21)Pw, Br
= wrPw, zv + YR Pw, Br-

Conversely, we obtain (6.4) from (6.8)—(6.9) and unisolvence.
Finally, from (6.5) and (6.12),

(6.13) on = —ay  {Vzn + ba[wrPw, 2 + YRFaPw, Br] — ch + Vi ),

and so (6.10) follows. O

We end this section with three remarks. Firstly, if up is needed, it is given
by (6.12) (recall (6.6)). However, since ¢, approximates u to a higher order of
accuracy than up, as shown in the next theorem, the use of (6.12) seems inadvisable.
Secondly, if the Lagrange multipliers for the mixed method are desired, they are the
average value of 1, or z;, on each edge. Thirdly, if R is a squareand b=c=d = 0,
(6.10) is simply

(6.14) on = —ap Vzu+ 1Pw, flr(z — 2r,y — yr), Y(2,y) € R € &,

which is the same form as in the case of triangular mixed finite elements [18], [11].

7. Error estimates. Denote by || - ||; s the norm of H’(S), where we omit j if
J=0and Sif S = 2. We have the following theorem.

Theorem 7. If u and o solve (1.1), up and o), solve (6.2), and v, solves (6.4),
then there 13 a constant C independent of h such that

(7.1) o = onll + llu = ur|l < CIfIl lallwr.o 2y, 18]l1, llell1) A,
IV - (o — o)l < C(Ifll1, llallwr.e 2y, 10ll1, llell1) Ay
(7.3)  IPwiu —ur|l < C(Ifll1, llallwr.c (), [1Bllwre ), llelli, l|dlwre2)) R,

1/2
(7.4) ( ) ||Vu—v¢h||32> < CULF, allwnee s 1Bl Hells) B

REE,
(7.5)  llu =9l £ CUIfll1, llallwr.e 2y, [bllwr.eo (), llells 1w (2)) B2
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Proof. Results (7.1)~(7.3) are essentially known [14]. They can be obtained by a
careful application of the techniques of Douglas and Roberts [15]. To handle the
modified coefficients, we must recognize that for s = 0,1 and 1 < j < o0,

(7.6) 1Pw, ¢ — $llw-2i(2) < Clldllwriay .
We also use elliptic regularity to obtain that
[ull2 < Clifllo and [V -ully < C|fll1,

and a duality argument to obtain (7.3).

Results (7.4)—(7.5) follow from the use of an abstract theorem concerning error
estimates between u and v (see [11; Theorem 2.2]). However, a simpler approach
is to note by equivalence from (6.3) that

(7.7)  (u—n,w) = (Pw,u— up,w), Yw€ Wy,
(7.8) (V(u—z/)h)-l-bh(u—uh)+ah(a—ah),V§)R
= (b = b)u +c—cp + (an —a™Y)o, V{)R, V¢ € Mp(R) and R € &,

Estimate in a straightforward way the second elliptic equation to obtain (7.4) from

(7.1) and (7.6). Use (7.7) to obtain that
v = ¥nllo,r < CLIV(w = r)llo,rh + | Pw,u — uallo,r}

and then apply (7.3) and (7.4) to finish the proof. O

8. A multigrid solution algorithm. In this section we develop a multigrid
algorithm for the nonconforming method (6.4) and the mixed method (6.2). We
need to assume a structure to our family of partitions. Let hy and Ery, = & be
given. For each integer k > 1, let hy = 27 %hy and Er, = &k be constructed by
connecting the midpoints of the edges of the rectangles in £&_;. In this section
(and the appendix) only, we will replace subscript hj simply by subscript k. Since
the intergrid transfer operators below do not preserve either the energy or the L2-
norm, as noted in [3], the standard argument of convergence for V-cycles does not
carry over directly. So, only a W-cycle, full multigrid algorithm will be defined
here. Since mixed methods are designed to approximate well the flux variable o,
and since it is of primary interest in many applications, we develop the multigrid
algorithm with emphasis on the calculation of this variable. We assume in this
section that b = ¢ = 0.

With this in mind, we now take advantage of the factorization of the system
(6.4) into (6.8) and (6.11). For each k, let

ak(€,0) = Y (ax'VE V) p + (dePw, £, ),

REE&,

ak(6,0) = Y (ax'VEVC) o + (dkPw,£, (), VE,C € My

Re&;
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Then (6.8) asks for zx € Ny such that

(8.1) ak(zk, &) = (fx, &), V& € Ni,

and (6.11) asks for (x € By such that

(8.2) ak(Ck, ) = (fk — dxPw, 2k, ), Ve € By.

Fork =1,2,- .-, solutions to problem (8.2) can be obtained directly, since By has no

continuity constraints across element boundaries; therefore, we define a multigrid
procedure for (8.1) only.

Standard inverse estimates yield that the spectral radius of the operator a; on
Ni x Ni is bounded above: there exists a constant C; independent of k such that

(8.3) spectral radius of ax on Ny x Ni < Clh,zz.

Note that, since Ny_; ¢ Ni, these spaces are not nested. It is well-known that
natural injection operators do not work for nonnested finite element spaces. Thus,
we need to introduce special intergrid transfer operators. Following [4], we define
the coarse-to-fine intergrid transfer operators I¥_, : Nx_; — Ny as follows. If
€ € Nk—1 and e is an edge of a rectangle in &, then I,{f_lﬁ € Ny is defined by
(8.4)

0 if e C 012,
1 & [ €do if e ¢ OR for any R € &1,
_/Illcc—lgdU ={ " .
lel J ﬁ{fe (¢é|r, + €|R,) do}  if e C ORy N AR, for some
Ri1, Ry € Ek-1.

The multigrid algorithm for obtaining approximate solutions zx € Ny to problem
(8.1) is given in terms of the kth level multigrid step, defined below, which yields
the result MG(k, z¥, fy) € Ny as an approximate solution to (8.1) from the initial
guess z¥ € Ni. Let r be a positive integer independent of k, which denotes the
number of multigrid iterations in (ii) below. The overall multigrid algorithm is
defined sequentially for each k as follows:

(8.5a)
For k =1,z3 = MG(1, -, fl) is obtained by a direct method;

(8.5b)
For k > 2,7 is obtained recursively by

(i) z(’)c = III:—IE’C—I’
(i) 25 = MG(k,z;_y, fr), 1 <€<,
(i) Zx = zF.
The multigrid step is defined for k = 1 and F € N] as MG(1, -, F) = z;, where
z1 1s obtained directly as the solution to

&1(21,£)=(F,£), erNl
For k > 2, z € Ni, and F € Ny,
(MG) MG(k,z2,F) = S(k,z,F)+ C(k,S(k,z,F), F)
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is calculated by means of the smoothing step

(S) S(k,go,F) = gm, where m is the number of smoothing steps and the ap-
proximation g; € Nk, 3 = 1,2,--- ,m, is defined recursively from the initial
guess go by the equations

(gJ _gj—laé.) = Cl_lh?c((F’f) - dk(gj—l,{))y V€ € Nka ] = la ym,

and the correction step

(C) C(k,gm,F) =If_,qp, where gj € Nx—1,j =0,--- ,p(p = 2 or 3), is defined
recursively from go = 0 by

qj=MG(k_1’qj—laF)7 j=1a"'ap,
(F,€) = (F, I_1£) — ar(gm, I_1€), VEE Ni_y.

From (6.10), the multigrid approximate solution & to oy is defined in R € &
by

(8.6) or = —ag {VZi + vr(fr — diPw,2x)| RV Br(z,¥)}.

The standard argument (2], [3], [4] for the convergence analysis of the multigrid
algorithm (8.5) applies here if we prove that I f_l is bounded and reduces to the
natural injection on continuous bilinear functions. Although the second fact is false,
it 1s true after a modification of the definition of I ,':__1 given in the appendix (the
modified definition is equivalent to the original on Ni_;). The first fact together
with the following lemma will be shown in the appendix.

Lemma 2. If m and r in the multigrid algorithm are sufficiently large, there is a
constant C(||a]lwr. (), ||d||wi.=(n)) independent of k such that

1/2
(8.7) T ( S V(e - Ennz) < Chlfll
ReE&,
(8.8) 2k = Zell < CR2|Lfl.

Theorem 8. If m and r in the multigrid algorithm are sufficiently large, then there
i a constant C(||al]|w1. (), ||d||lwi.e(n)) such that

(8.9) llox — il < Chell £,
(8.10) llo — Tkl < Chellf]I-

Proof. Equations (6.10), (8.6), and (8.7) imply equation (8.9), since yg = O(h2)
and |[VBr|| = O(h;'). Equation (8.10) follows with (7.1) (the bound is propor-
tional to || f|| because ¢ =0). O

It can be seen that the total work performed in obtaining Z; is O(n) [2]; thus,
the cost to compute % is also O(ny).
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Since 0 belongs to
Vi = {v:v|r = (ak + a%z,d% + aky), ok € R, VR € &},

but not necessarily to Vi, following [4], we introduce the averaging operator Ay :
I7k — Vi. Let e be an edge of R € & and n. be a unit outer normal to e. For
v E f}k, if e C 092, then (Axv - v)|e = (v|Rr - V)|e; if € is the common edge of R; and
R, € &, then

(Akv : VRl)le = %((lel ’ VRl)le + ('UIR2 ) VRI)IC)‘

Thus, A restricted to Vi is the identity. The next result follows from this definition
and Theorem 8.

Theorem 9. There is a constant C such that
[Akv]| < C|lvll, Vv € Vi.

Moreover, under the conditions of Theorem 8, there is a constant C(||a|l w1 (0,
ldllw1.co(2)) such that

llox — AxGr|| < Che|lf]l,
lo — Axok|| < Chel £l

The final result in this section concerns i, defined by (6.4). Recall that (j is
the solution to (8.2), and define

(8.11) 12)\,: =Ek+<k-

Since ¥y — 1,2;1c = 2 — Zk, we have the following from Lemma 2 and (7.5).

Theorem 10. If the assumptions of Theorem 8 are satisfied, then there is a con-
stant C(||a||wr.eo (@), ||d]|wr.o(2)) such that

- - ]/2
b — Bl + ( S IV - u)k)n%{) < Chalfl.

Re&,

Moreover, if f € H'(12),

ok — il < CRE|Iflls,
llw — Pkl < CRE| fll1.

An averaging process similar to that for 54 can be defined for ¥x. The multigrid
algorithms developed in this section for the rectangular elements can be extended

to the lowest-order triangular elements and the results in Theorems 8-10 remain
valid.
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9. Extension to rectangular parallelepipeds. Let now 2 be a polygonal
domain in IR?® and &, be a decomposition of £ into rectangular parallelepipeds
having maximum diameter h and oriented along the coordinate axes. Again assume
that a is a scalar, I = 0, and g = 0.

We consider the lowest order Raviart-Thomas-Nedelec space [19] W}, x V}, defined
over &, (equivalently, the lowest order Brezzi-Douglas-Fortin-Marini space [7]).

Let M), be the nonconforming space introduced in Sections 5.4 and 5.6 above.
We obtain Lemma 1 in Section 6 provided that we redefine

Ny = {€€la = ol + aho + by + ahe + ai(e? )+ dh(o? = ),
a €R, VR € &,; if Ry and R, share a face e,
then /flam ds = /flaﬂz ds; and Elands = 0},
e e ORNAN
By = {€: €|r = agBr(z,y), ak €R, VRE &4},
where now the P,-bubble function in each R € &}, is

z —zr)’ —yr)? (2 —2zR)?
BR(x,y,z)=5_12(( —on)® | Woye) | (o—n) )
Rz Ry Rz

which is equal to zero at the four tensor product quadratic Gauss points on each
face.

With these modifications, we again have the equivalence between the solutions
of (6.2)-(6.3) and (6.4) in the sense of Theorem 5. Theorems 6 and 7 hold as well;
moreover, if &, is given and each &, is a regular refinement of &, into eight
times as many elements, then the results in Section 8 remain valid.

10. Extension to simplices. Let now &, be a partition of 2 into simplices, and
again assume that a is a scalar, I, = @, and ¢ = 0. The lowest-order Raviart-
Thomas-Nedelec space V} [21], [19] defined over &, is given by

Vi = {v :v|g = (ak + a%z,a}; + aky,ak + a%2), a € R, VE € &;
v - n is continuous at the interelement faces of &},

Wy = {w : w|g is constant, VE € &},

Ly = {p : ple is constant, Ve € 0E}.

We define the nonconforming space N, by

Ny = {E €|E = ak + akz + aky + akz, o € R, VE € &;if E; and E, share

a face e, then /§|851 ds = /§|352 ds; and / €lopp ds = 0}.
e e OEN3N

For each E € &, let £;, 1 = 1,2,3,4, denote the barycentric coordinates of a point
in the simplex. These functions are the unique affine functions that take the value
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one at vertex ¢, and the value zero on the opposite face. The P,-bubble function
takes the form

Be(z,y,2) =1 =28 + B+ B + 82, V(z,y,2) € E.
This quadratic bubble function has vanishing integral over each face. Let
By = {¢: €|g = a%PE, af € R}

and My = Ny, @ By. This M), satisfies the conditions of Theorem 4 (in particular,
(DF) are unisolvent).
We have an analogue of Lemma 1.

Lemma 3. The following two relations hold:

(i) For any E € &,, VNL(E) C Vi4(E);

(i) For any E € &, (VE,V()g =0, V€ € Ny(E), ( € Bi(E).
Proof. For (i), VNy(E) = (Py(E))® C Vi(E). For (ii), integrate by parts and use
that A6 =0. O

To exploit this orthogonality, we will assume as in Section 6 that the coefficients
are projected into the space Wj. So assume (6.1) and take (6.2). As an analogue
of (6.3), we define i, € M}, such that on each F,

(10.1a) (@n — un, 1)E =0,
(10.1b) (('ﬁthﬂh + bpup —cn) + ahah,Vf)E =0, VEe Mh(E)
(The existence of iy follows easily from Lemma 3).
Note that for any € € My, we can write p, = zp+(p, where z, € Nj and (, € Bh.

Then Py, V&, = Vzi, + Py, V(. The equivalent nonconforming projection finite
element method for approximating (6.2) is to find ¥, € M} such that

(10.2)

Z (o} (Pv, Vibi + buPw, ¥h — ch), VE) o + (dnPw, ¥n, €)
E€En

=(fh’§)a Vgth
Then Theorem 5 holds, provided (6.5) is replaced by

(10.3) on = —a; (Pv, Vo + baPw, ¥n — ci).
Theorem 6 also holds, provided that now
vr = (dwPw, Br — ;' V - Py, VBR)™!
and (6.10) is replaced by
(10.4) on(z,y) =
— oy {Vzn(z,y) + baPw, z1|r — én + Yr(f4 — dWPw, 21)|R PV, VBr(z, y)}.

The convergence result in Section 7 also holds. In the case of equilateral sim-
plices, this can be seen as before since then VB,(E) C V,(E) and the projection
operator Py, in (10.3) can be removed. In the general case the convergence result
can be shown using the ideas given in [4] (that is, we show that ||Py, V¢|| and || V||
are equivalent norms for { € N, and we use the interpolant of u into N, as an
intermediary). Finally, results analogous to those in Section 8 are valid.



24 TODD ARBOGAST AND ZHANGXIN CHEN

11. Extension to prisms. Let now {2 be of the form 2 = G x [0, 1] with G C IR?
and & be a partition of 2 into prisms with three vertical edges parallel to the z-axis
and two horizontal faces in the (z,y)-plane. Let E = T x (2ga4, 2ps) denote such
a prism, of height hg, = zgy — zg,. Again, ég, 1 = 1,2,3, denotes the barycentric
coordinates of a point in the triangle T'. In this section, we again assume that a is
a scalar, I =, and g = 0.

The lowest-order prismatic space Vj, [20] defined over &} is given by

Vi ={v:v|g = (ak + akz,a% + aky,ah + a%2), ak € R, VE € &;
v - n is continuous at the interelement faces of Eh},

Wi = {w : w|g is constant, VE € &},

Ly = {p : ple is constant, Ve € JE}.

The nonconforming space N}, is defined by

Ny = {f €lp = af + ahz + ahy + afz + a%(2? +y? — 22%), ap € R, VE € &;
if E; and E; share a face e, then /f'aEl ds = /§|3E2 ds;

and €lan ds =0},
OENaN

= {¢:¢|g = a%BE, a% € R},

where the P;-bubble function takes the form

2
) , V(z,y,2) € E,

BE(T,Yy,2 =3—4é2+é2+é2 _ 4 Z_ZEa+ZEb
1 2 3

nZ 2

so that its integral over each face vanishes. Finally, M = N, @& B},
We have Lemma 3 and the results for simplices of the last section hold also for
prisms.

Appendix. Proof of Lemma 2. We prove Lemma 2 of Section 8 in this appen-
dix. Recall that here b = ¢ = 0. From Section 6, note that on the kth mesh

Br=0(1), VBr=O0(k;"), ABrR=O0(kg?),
SO
(A1) lyr| < Chi and |wg —1| < ChE,

where C depends only on the bounds for a and d. (In general, without further
comment, we will assume that the generic constant C' may depend on ||a||w1.00( 2)

and ||d|| w1, (0 in this appendix.) Since |[fi — fx|| < ChZ||f|l, we can replace fx
by fr up to the second order in hy. A similar statement holds for dy and di.
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For each k, define the energy norm

€]l = (@ (&, €)*.

(This is equivalent to the H!(f2)-norm by (6.1) and a Poincaré inequality.) Stan-
dard arguments for the error in approximating (1.1) by a nonconforming method
are easily combined with arguments to handle the projections into Wy in (8.1), so
we have that

1/2
(42) u=sl+ (X 19u=Valz) < ChalL
Reéy

and a duality argument can be used to show that
(A3) lu — z&]| < ChENfla-

This last result can also be derived easily from Theorems 6 and 7. Clearly (6.9)
implies that
Ikl < CRE(IAN + 1l P2k ]),

and then (6.8) implies that
I Pw, 2el| < C|I £l

Theorem 7 and an inverse inequality (see (A8) below) give (A3). We can derive
(A2) similarly.

For our analysis, we introduce the conforming finite element space

Uk ={€€C%2):€|r € Q1,1(R), VR € & and £|ap = 0}.

Unlike the triangular case, Uy ¢ Ni. Let z; € Uy satisfy
(A4) ar(Zk,v) = (fe,v), Vv € Ug.
The usual error estimate for this finite element method is
(A5) llu = Zell + illu — Zellx < ChEJIFI.

For each k, let G4 be

Gk = Ny @ {v : v|gr = akzy, ak € R, VR € &};

G contains both N and Ug. Let my = dim(Gy). By the spectral theorem, there
are eigenvalues 0 < A\; < A < --- < A, and eigenfunctions ¢1, ¢2, -+, ¢m, € Gk
such that

(¢i,¢05) = 6i; and  ar(di,v) = Xi(¢i,v), Vv € Gi.

If v € Gi, we write v = ) ¥ ci¢; and define as in the standard case [2]

my 1/2
olllsk = (Z c?Af) :

i=1
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The Cauchy-Schwarz inequality implies that
|ar(w,v)| < [[lwlli4s,kll[v]]l1-s,k

for any s € IR and v,w € Gi. Note that |||v|||o,x = ||v]|| and |[[|v]||1,x = ||v]|«-
As mentioned in Section 8, we now modify the definition of I ,f__l so that it
behaves well on Ux_;. So, let I,’j__l : Gk—1 — Gi be defined by (8.4) and

4 4
(A6) Y (1) ivlr(pri) = Y (-1)'v|r(pri), VRE &,
=1 i=1

where pg ; are the vertices of R, labeled counterclockwise (i.e., so that (—1)* changes
sign between the two ends of each edge of OR). As an immediate consequence of
the definition, we have the following.

Proposition 1. If £ € Nx_; and v = zy, then for any R € & or Ex—1,
4 .
> (-1)*¢|r(prsi) =0,
=1

Z(—l)ivlﬁ(lm,i) # 0.

The first result guarantees that I ,’:_1 restricted to Nix_; has the same definition
as before. The second result guarantees that If_, is well-defined on G¢_;. We have
the following technical lemma as in [3].

Lemma 4. There i3 a constant C independent of k such that

(A7) C7 M lvlle < Jlolle-1 < Cllvlle, Vo € C°(2),
(A8) Iolle < ChMvll, Vo € Gy,

(A9) ”II’:-W” < CJv|l, Vv € Gg-1,

(A10) If_jv=v, WoveUi,

(A11) ITE_1€lle < CliEllk-1, VE € Nioy & Uy,

where If_, is defined by (8.4) and (A6).

Proof. Result (A7) is trivial. The & are quasi-uniform by construction, so (A8) is a
standard inverse inequality. Result (A9) follows immediately from the definition of
I,f_l. Since Ux—1 C Ur C G and I,’f_l is well-defined, result (A10) follows trivially.

We easily obtain inequality (A11) for £ € Uix—; from the definition of I ,’f_l since
Uk—1 C C°%$2). Given £ € Nx_; ® Ur_1, define v € Nx_; ® Ux_y, w € Ux_1, and
z € H}(2) by

(A12) ak—1(67 C) = (U$C)7 VC € Nk—l & Uk—lv
ak-1(w,¢) = (v,¢), V(€ V-1,
&k—l(z, C) = (v’ C), VC € H(}(‘Q)
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Note that ||z||2 < C||v|| by elliptic regularity, and that £ and w are approximations
to z with the usual error estimates. It follows from the earlier results that

HE-1€lle < ITE_1 (€ = w)llx + Cllwll
< OB ITE-1 (€ = w)ll + 1€ — wllim + [1€]1x-1]
< CREMIE = wll + [[€]1k-1]
< ClRT (€ = 2l + llw = 2I1) + [1€llk-1]
< Chlloll + ll€llk-1]-
Finally, (A12) gives

loll® = @x-1(§,v) < l€lle-1llvlle—r < Ch||Elle=allo]l,
and (A1l) follows. O

We are in a position to prove that the kth level iteration MG(k, go, fk), when
applied to the problem of finding z € N such that

ax(2,€) = (fr, €), V€€ Ny,

with the initial guess gq is a contraction in the energy norm. Let ¢; = z — g; € Ny,
I =0,---,m, where g; is defined as in (S), the smoothing step in (MG). Also let
e € Nx_; and € € Ug_, satisfy

(A13) dk-1(e,€) = ar(em, If_1€), V€€ Ni-1,
(A14) ak(&,v) = ar(em, IF_iv), Vv € Up_,.
Lemma 5. There i3 a constant C such that

(A15) lemllx < Clleollk,

(A16) llemlllzk < Chi'm™/2|leo]l,
(A1T7) llelle—1 < Clleollx-

Proof. Equation (A15) and (A16) are proven using the ideas in [2]. It follows from
the definition of the smoothing step (S) that

(e, €) = (e1=1,€) — C7 ' h3ar(e1-1,€), VE € Ni.
If o = > * ci¢i, then

mg

et =) cigi(1—CT'REN), 1=0,---,m,

1=1

from which and (A8) or (8.3) we have (A15). From this we can derive (A16) as in
[2; Equation (3.13)].
From (A13) and (A15), we see that

lelli-1 = ax(em, Te_re) < llemllklZi—rellx < Cliemllkllelli-1 < Clleollellellk—1,

which yields inequality (A17). O
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Lemma 6. There s a constant C such that

lle = &llk—1 < Cm™2|leo|1-

Proof. Let fo € Gy satisfy
(fo,v) = @x(em,I¥_jv), Vv € Gr_;.
We observe that
I foll* = ax(em, Ix_1 fo) < IllemlllzklllTi-1 folllo,k < Clllemlllz,kllfoll,

so that
I foll < Clllemlll2,-

Let vo € H}(£2) N H2(R2) solve
-V. (avvo) +dvg = fo in £2.

Note that, from the definition of fo, (A13), and (A14), e and € are approximations
to vo in Ni_; and Ui_;, respectively. Thus, as in (A3) and (A5), we see that

llvo — ellk—1 < Chi—1lfoll,
lvo — €|[x < Chi-1lfoll,

and so, with (A16), we obtain
lle = &llk-1 < Chi-allfoll < Chi-alllemlllzx < Cm™ leo|lx,

completing the proof. O

Lemma 7. There is a constant C such that

lem — éllx < Cm™/2leol|x-

Proof. From (Al4) and (A10), we have
(A18) ak(em — €,v) =0, Vv € Up_;.
By (A16), we get
llem — €12 = ax(em — &, em — €)

= ar(em — €,em)

< lllem = €lllo,klllem]]l2,x

< Chi'm™?|lem — &l |leol -
Applying a duality argument to (A18), we can easily see that

llem — €ll < Chillem — €llx,

and our result follows. O
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Lemma 8. There exist v € (0,1) and an integer m > 1 in (MG), both independent
of k, such that

Iz = MG(k, go, fi)llk < 7llz = goll-

Proof. We proceed by an induction argument on k. The result is trivial for k = 1,
with even v = 0. Let us suppose that the lemma is true for £ — 1. Lemmas 6 and 7
and (All) imply that
Iz — MG(k,go,fk)”k = |lem — Illcc—ﬂp“k
< llem — élle + [1T¢- (e = &)llx + I K-y (e — gap)llx
< Clm™ 2 leollk + lle = gpllk-1]-

By (A13) and the definition of the correction step (C) in (MG), for all £ € Ni_;,

&k—l(eag) = ak(z - gvall:—lé.)
= (fi, I§_16) — ar(gm, If_;£)
= (fx,&);

therefore, ¢; = MG(k — l,qj_l,ﬂ), and the induction assumption and iteration
gives

lle — gpllk—1 < ¥Pllellk-1,
since go = 0.

We obtain with (A17) that

Iz = MG(k, go, fi)llx < C[m™ |leolle + 7 llelle=1] < Ca(m™ % +47) |leoll.
If v € (0,1) is sufficiently small, then Cz9? < v/2 since p > 1, and if m is large
enough, Com™~1/2 < ~/2. For such choices, we obtain the lemma. O

Lemma 8 says that if the number of smoothing steps m is large enough, the kth
level iteration is a contraction. Let Ry denote the standard interpolation operator

for Uy. If v € H?(12), then
(A19) lv = Rewll + hellv = Rivlle < Chillv]l2.
Proof of Lemma 2. From Lemma 8, (A3), (A19), and (A11), we see that

lzk = Zelle < 77 ll2k — TE1 Bkl
<y [llzk = wllk + llw = Re—rullk + [1T5—; (Rk—1u — Zx—1)|l&]
< CY [hell fIl + | Rk—1w — Zr—1]lk—1]
< Cy [hell Il + 1 Re=1w = ullk—1 + |lu — 2k-1]lk-1
+ lzk—1 — Zk—1 ||k—1]
< Oy [RllFNl + k-1 = Z-allk=1]-
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Since z; — 21 = 0, iterating this expression leads to the inequality

k
~ . i 0377'
2k = Zklle <) Coha—juay"|I£Il < mhk”f",

=1

provided that r is large enough so that 2C3y™ < 1. Hence,

e — Zillx < Chellf]],

which implies (8.7).

We prove (8.8) as in [17; Theorem 7.1, p. 162]. First, by (A3) and (A19),

2k = Tiyzk-1ll < Nz = ull + llu = Reul| + 1Ty (Rew — zx-1)||
< Chillflln + | R — 21|
< Chillfls-

Now Lemma 8 yields that

llzk = Zk|| < ¥ l|zk — If_1 Zk—1]|
<A llzk = Iy zk—1]l + I TE_1(2=1 = Zk=1)]]]
<A [CREIfll + lzk=1 — Zk=1]l],

so an induction argument yields (8.8). The proof is complete. O
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