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A FAMILY OF NUMERICAL SCHEMES FOR THE
COMPUTATION OF ELASTIC WAVES

ALAIN SEI °

Abstract. A family of numerical schemes, based on finite difference operators is introduced for
the computation of elastic waves. We use a displacement-stress formulation of the model. After de-
riving some stability results, we give an analysis of the computational cost. Imposing an accuracy
criterion on the phase velocity, we derive the numerical parameters. We also show that an optimum
order of approximation exists for a given precision.
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1. Introduction. High order finite-difference schemes for the acoustic wave equa-
tion, and the elastic wave equation have gained interest for some time, because of the
computational cost of the simulation of such phenomena. Problems such as the inverse
problem of seismology require also many of these simulations. General discussions on
the application of finite-differences in seismology can be found in Alford et al [1], Kelly
et al [2) and Dablain (3].

Recently different authors, Bayliss et al (4], Levander [5] for instance, have proposed
schemes of order two in time and four in space for the elastic wave equation. Our goal
in this paper is to see what could be gained, if anything, by using arbitrary accuracy
in space in the finite difference schemne.

We introduce and analyse, for that purpose, a family of finite-difference schemes for
the elastic wave equation. These schemes allow heterogeneous, possibly discontinuous
elastic parameters.

After a presentation of the schemes in section 2, we show in section 3 that numerical
stability is assured for these kinds of elastic parameters, that is to say for any Poisson
ratio and Young modulus. In section 4 we turn to the plane wave analysis of the
schemes. Then in section 5 we derive rules to control the cumulative error due to
dispersion, by providing curves for the choice of the number of points per wavelength
and the number of points per period. For a given accuracy on the phase velocity, we
show that there exists an optimal order of approximation in terms of total arithmetical
operations. Finally in section 6 we conclude and discuss some extension of the work
presented here.

We recall in a bidimensionnal medium, the equations linking the displacement vector
U (u, v) to the parameters defining the mediumn, the density p and the Lame parameters
A and p. We have (cf [6]):

v 0 L Ou | Ov 0 ou v
P - 7 (O 2+ \5) - o (s + 7)) =0
@ 0? J J J J (.0 0
v w Jv ( Ju  dv
pﬁﬁ ™ (;L(a—z' + (—)-;)) urr (’\-(')_r +(A+ 2“)_0_2.:) 0
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We can write this system as a first order system in the spatial coordinates, using the
stress tensor and Hooke’s law. This gives :

0*u aoT==  OT**
patz-(0z+0z) =0
(2)
' 0% oT=  JT**
T ( Or + 0z ) 0
with
( Jdv
=(A+ 2#)-— +pg-
oz _ du v
(3) ' 1T —"(t’)z+0x)
J 0
{ T = ”;")'lrt + (A + 2;1)0—2
A straightforward discretization of (2) of second order in space leads to :
rx  _ T'TL rz _ Tz
p_‘dzl(i i) - T;+ Ti-%.j _ Tiist T;,jj 0
() ot Ax Az
e TETE Toa T
ot? Ax Az

We can see then that we need quantities like T YL and A straightforward

+l
discretization of T** gives :

O 2 A S L PR = Bl
i+3.d Az Aw
(5)
o _ “u,-..,.l'j - s Viedj+d T Vi-li+d
it} Az Ar

Therefore we need values of x and v at points (i + 3 37+ 2) that we do not compute.
A simple solution to this problem is to use a couvex linear formula using u;,; and v;;
like :

ittt T3

1 (Wit iy | W1 + %
= +

2 : 2

This solution however is purely algorithmical and does not have a physical meaning.
In addition, it leads to more operations per point and per time step.

2. Presentation of the Numerical Scheme. Another solution is to compute
u and v on two different grids (cf [7], and more recently [8]), shifted of Ax/2 and Az[2
from one another. Then we can replace (4) by

EH 7z H - Tz=z
oo b T TThy Topen “Tens
o\t Tl Ty Az Az =
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Now we compute only T77 ;. Furthermore with (5) we only need u on the points (¢, j)
" 2

and v on the points (i + 1,7 + 3)-

j=1 j+1

|j|
1 —

o. U ALV

Fic 2.1 : The Two Grids
In relation to these two grids we introduce the following functional spaces

+00
Lo = {(pe D(RY [ o= 3 ¢ 1t(i—%)Am.(z‘+%)Am1x[u—%)Az.(j+%)Az1(‘"’Z) }

i|j=-m

Li.

+oc0
we LXRY) [ o= D Pisdi+h Liaz (i+1) A xliaz (j+1)a2 (%5 2) }

1,j==00

‘.vj=-w

L‘Z

=,0

ivjz-w

+o0
L; {"’ €L¥RY) [ 9= ) Pii+i 1[(i—%)A:.(H-%)Ar]x[jA:,(J'+1)Az](mvZ) }

400
weLYRY | o= Y @il Liaz i+ 1)adx (- DAz (i+5az (% 2) }

where

=1 (xz)€[ab]x (e, d]

l[a.b]x[c,d](mv z)
=0 (&,2)¢[a,b] % [c,d]

The symbol ’o’ refers to the integer grid (i,7), the symbol ¥’ to the shifted grid
(i+3,7+1). Weset L, with the usual scalar product defined by :

o,

400
(f, !I)Lg',, = (.f»!])o.o = Z fi,jyi'j Ar Az

1,j==00
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We set analoguous scalar products on the spaces L2, L2, and L2 .
These spaces and notations will be useful for the stability results. They help define
precisely and concisely the different locations where we evaluate the displacement
vector. Now we introduce the differentiation operator hy :

A |

2 2
4 Lo,o Ls,o

L
. . 1
v o— Asu(i+},5)=) Ai[um.j = Uicl41,4]
=1 z
A?° is a finite difference approximation of order 2L in ((i+ 1)Az, jAz) of the quantity

%, with the coefficients (8i)i=1... defined in appendix 1. The exponant refers to the
departure set L2 ; the subscript to the direction of differentiation. Similarly we define

Az L3, — LI, L
o /e 1 B
u — Az‘ll(l,]-l-*z-):Zz-;[?t,"j+l—1t,‘,j_[+1]
=1

Ay o L, — L2,

L

A L ﬂl
v — A;v(z’-7+§)“'E&'["i+l+§,j+§_"i-l+1,-.j+§]
=1 ’
Ay L2, — L2,
Ny
wo(ig 1
voo— Alv(i+3,])= K;[";+§.j+l+§""i+%.j-1+§]
=1

We are now ready to introduce a semi-discrete scheme for the system of elasticity (1)
as follows :
82—“ t 40 ') - t 40 o - . .
P+ Az (A + 20)Azu + AAL0) +° A2 (1(AZu + ALv)) (1,7)=0
(6)
i

2
(p £To) +t AL ((A%u + AZv)) +F AT (MA2u+ (M + 2;L)A;v)) (z'+-;-,j+-;-) =0
The way the numerical scheme is written, makes it easy to check consistency. Take
the first equation for instance. We know that » € L2, therefore A%u € L2 ,, and
v € L2, therefore AJv € L? ,. Thus it makes sense to add (A + 2u)A2u and AAZv
(provided that A and p belong to L2 ). Now we can apply *AZ to (A+2x)AJu+AAZv

and we in fact obtain an element of L?,'(,, that is a quantity aproximated on the grid

(¢,7). This is consistent with the fact that p%’;‘- is itself comnputed in (7, 7).

To define the scheme we must have
rel?, peli,NLi.  pelLl L3,
that is we need the following quantities

Ait1/2,j Hiv1/25  Mij+1/2 Pij Pig1/2,541/2
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To define those quantities, we use an intermediate grid. On that grid we will suppose
the different parameters constant. Then we will affect the different values on (%, j),
(i+1/2,5), (3,5+1/2), (i+1/2,j + 1/2) according to this grid. We suppose given
the space steps Az and Az, and the initial grid of points (iAx,jAz). Let d be a real
positive, such that d < 1/2. We shift the initial grid of (—d.Az) in the horizontal
direction and (—d.Az) in the vertical direction.

o
T & 0

X o

AX

FiG 2.2 : The original and shifted grids

Assuming A, ¢, p constant on each square of the shifted grid, we have the following
simplifications :

Miprjag = Mg Pirjzgen/r = Pig P = a2 = Ry
This definition of the different quantities helps the implementarion of the scheme,
avoids unnecessary computations and saves memory space.

3. Stability Results. We now turn to the study of the numerical stability of the
scheme (6). We are going to proceed by the energy method (cf [10], [11]), in analogy
with the continuous energy given by : .

(E = E.+E

ou dv
E. = 1 2 2\ dr
ﬁ . = 2/}22/;((&) +(at)>d.rdz

ou Ov 2 du  Ov. 2 ou\ 2 v\ 2
= 1 Ju  Ov du O du dv\?
L EP - 2./‘{2A (0.}' + aZ) +“((‘)Z + a.l') +I‘ ((‘)J') +[l- (02) (Lpdz
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In an infinite medium without source we have : %’f— = 0, that is conservation of energy.
The totally discretised equation is given by :

( ultl - 2ul + ul;!
pig—ti——d i 4 {PAL(O0 + 2 A" + ML)

+ tAL(u(Agu" + AZv"))} (5,5) = 0
(74

n+1 _ n n—1
rbarh T 2V biek T iebird
Pivti+k At

1

+ {taz(uAzu + A30™))

\ + PAT(AAL + (A + 20) Az} (i + 3,5+ ) =0

By a discrete integration in time of the two equations of (7) with :

En+1/2 = :+1/2+E;+1/2

nt1/2 1 .un+1 —-ut ,un+1 — " + vn+1_."n ,”n+1_,"n
< =\ T ar ) T\ A T ar ),

B At2 340 attl — A" ptl gt 40 ™t — + A" ™l — gy
4 TAt oAt T At oAt -

‘ll.“+1 -t ,”n.-i-l — ot un+1 —ut ,"u+l — "
+ (/LAZ————" + Az , A + Az
o=

At At At at
+ (2;4A; u"“A; W yAZ u""“A;- i ) 3 + (‘2111-1; ""“A: o VA7 vn+1A: vn) m}}
gt - L { (*Agﬂ%tﬂ# AT ""H; =4 "n+12+ =~ + Agﬁ%ﬂ) .
+ (ltAZﬂlglﬁ et T A g 5 1) -

n+1 Tt n+1 T ftt1 n n+l _ n
+ (2“Agu 2+u ’A:':u 2+u ) +('2;tA;" 2+1: ,A:v - v ) }

we have conservation of the discrete energy, that is :

En+1/2 - En—l/Z
At

=0

The stability of the scheme will be proven if the potential energy E;,"H/ ? and the

. . e ‘e 2. . oy
kinetic energy Ex*'/? are positive. Since Er*'% s obviously positive, we need to find
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out under what conditions EX*Y/2 is positive. The problem can be reformaluted as :
Vu € L2,,Yv € L%, with

I = (AA2u+ AAjv, Aju+ AZv)s + (pA%u + pAZv, AJu+ AZ0)en
+(21A%u, AS) w0 + (21 AV, ATV)uo

under what condition do we have :

At?
——I < (P, w)oo + (PV,0)ue

We can bound I as follows :

I < 2[(AA%u, A2)u + (AAZY, AT0)o + (RAZY, A1) 0.
+(pALV, AL0)ox + (1AZU, AZU)wo + (2RAZY, ATv).0)
2((A + p) A%, Agtt)uo + (AU, AZU) o

F((A 4+ 1) AT0, AT0)eq + (AT, AZ0)0n)

~
AN

We set

L = (A4 p)ASu, Agu)uo + (RAZH, AT1)0s
I = (A p)ATv, AZ0)ue + (RAZV, AZ0)0s

and we are now going to majorate I and .. Lemma 1 proved in appendix 3, shows
that

2
Vu € L2, L (A - + —) (Z |ﬂ[|) Apiy 1) oo

+ 1)isi-1/2, A+ )icie1/2.
[z 18]~ l[maxz|/3|( /)+l 1/2.5 +( 2[:.f+1/2,
$J
Hij+i-1/2 '-J'-l+1/2]
2/’i.j 2/),"1'

+

Using lemma 2, proved in appendix 3, we derive the following estimate for I

4
Vv € LZ, I, < (E—z (Z |ﬂ[|) C! (pw, 1)

2 -1 A+ wivry2.+ , (A 1)ig1/2,5-1
2 = E %) max E +
2 (2 1] [ 14 2pi41/2,541/2 2pi41/2,j41/2

Ih+l._;+1/z Hi-l,541/2
: +:
20it1/2.541/2  2Pi41/2,+1/2

We can now state the stability result in the following proposition.
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PROPOSITION 1. A sufficient stability condition for the numerical scheme (7) is
given by :

4 4
CAW—+—— < ( |ﬂz|>
(8) Ar?  Az? g
C = max(e,c2)

When Az = Az = h we can derive a better stability condition given by :

PROPOSITION 2. A sufficient stability condition for the numerical scheme (7)
with Az = Az = h is given by :

-1

C.At V2 (&

I > (Z Iﬂzl)
=1

C = max(ep,c2)

IA

(9)

We can write a more conventional stability condition involving the maximum P-wave
velocity in the medium, by writing ¢; and ¢ differently. For instance for c; :

3 A + L) A + L) .
= [Z V1) max (E 1B |( )i+1/2,5+ + (A + 1)is1/2,5-1
=1

2pi41/2,541/2 2pi41/2.5+1/2

Hitlj+1/2 Hi-t,j+1/2 )
2piv1/2,41/2  2Pigr/2,5+1/2

L L A + L); o - ) - - A + L); o -
c% - [Z |ﬂl|]—1 . max (Z lﬂll( / ):+1/z,,;+1‘ Pit1/2.541 + ( / )-+1/z,;-l
v \ig Piv1/2540  2Pit1/2,541/2 Pit1/2,5-1

Pi+1/2,j-1 il i41/2  Pidlj+1/2 Bi=lj+1/2 Pi-lj+1/2
2piv1/2.541/2  Pitli+1/2 2Piv1j2gH1/2  PimLiv1/2 2Piv1/2,541/2

. A4 , 1 :
4 < [(—-p—'l]m.mt’;]m.bz

oo Inax(édy, 62)

. A+2
g < (B

with

i ] Yig1/2,5—
& = [ZIﬂ:I] ! max (Zlfl Pivijeisl Jial/ts=) )

=21 24412 2Pik1/2541/2

>
~
]

Pith Pi-l,i+1/:
[Zlﬂll] lnmx(zlm 3412 i+1/2 )

2pi41/2.541/2  2Piv1/2,+1/2

|flw = maxfi;
t,J
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For ¢; we have

A+ i L
¢ < [( pl)]m.63+[%]°°.64
A+2u !
c'{’ < [L—-L)-]m.max(ﬁg,64)
with
L L Pivi-1/2,; , Pi=l+1/2.j
6 = |81l “ma.X( |G| =L 4 == ")
[E ] i ; 2pi,; 2p;,;
= 1 < Piji-1/2 | Pij=l+1/2
by = Bi|]™" max By| ==L + )
C = (I (}:n Pstirs Pt
whence

C' = max(c, c2)

A+2 '
< [g_'*_;)_f_‘l]w max(8y, b2, 63, 64)

With Cpnaz = [ﬁ?ﬂ]w and & = max(éy, 8,, 83,84) we can then state the following
result :

COROLLARY 1. A sufficient stability condition for the numerical scheme (7) with
Az = Az = h is given by :

-1
C'p,nm.r'At \/‘2 . L

With no variation in density, p = C'* we have & = 1. The parameter 6 measures
the “roughness” in density of the wedinm. The more heterogeneous the medium, the
bigger é and therefore the smaller the stability condition (CFL number).

In homogeneous medium, we have ¢, e = \/’-\i'p—zﬁ, and the stability condition is

[+ 21 At V(& N\
(11) T < T(Z‘:Iﬂll)

For a scheme of order 4 in space, that is with L = 2, we have in homogeneous media
the following stability condition :

(12) ,/’H'z“'.éf < 0.60
P h

A fourth order accurate shewe was derived differently by Bayliss et al (cf [4]). In
homogeneous medium they obtained

A+ 2 At -
,/ = <o
(13) % S 0.67

A priori the second scheme is the most appealing since it allows bigger timne steps. But
as we shall see the CFL number is a limit, and dispersion coittrol implies to choose
C.At/h much lower than the CFL number. We are now going to study dispersion
effects in the next section.
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. Plane Wave Analysis. We turn to the Fourier analysis of the scheme (cf
[9]). We will derive the dispersion relation and by the Von Neumann criterion (cf (10])
we will get a necessary and sufficient stability condition. In homogeneous media the
numerical scheme (7) can be written

- u'."!"l - 2u™. + ur."fl
p—L A;; B4 (A +2u) AZASU + M AZALY"
+ ptACAU™ + ptA2ALY =0
1
- o -2 1 +v "-;1 1
lith H-, 'Zt'f i L + lt'A}AZu” + utALALY"
L + MATAU™ + (A +2u)A AV =0

We assume that U = d exp i(wt — k. F) is a solution of (14), where E = (ky,kz) is
the wave vector, w is the pulsation, and d = (dy, d3) the vector giving the direction of
movement (cf [12]). This gives the following relations :

2 : k
dysin?(22Y) = At {’\“" (Z[j sn((2 - )BR)) 4

2 )
(z B sin((21 - 1)-"—3))

)+

)

(Z pusin((2 - )2 ) } 1

ad
p

(z frsin(21 - 1)5—;3)) } &

=1

lh

+ ( A sin((2! - 1)-—

2
dzsinz(wst) = { ;“ Zﬂmn (- k) 42 (Zﬂ;mn((?l—l)klh) } ds
l_
M{ L (Zﬂ,ml((zz-n"’h))}

=1

By introducing the matrix B = (b;;) defined by :

) L
by = %_ {L';_%’i (Z/j sin((2/ - 1)—)) (Zﬂ' sin((2f - l)k;h ) }
=1

=1
2
by = bu= o 2EH (Z Bysin((2L - 1)"’"‘)) (Zm sin((2! - 1)@ )
h P \i=1 1=1
At [a+2u (& 3 Kyl
by = o a { t) £ (E Pysin((20 - I)Lz)) " (; Brsin((20 - l)—l-l ) }

we can write the previous relation as :

(15) Bd = emz(iéi)d
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The eigenvalues of B then express w as a function of k, that is the dispersion relation.
A quick calculation gives the following result

. wAt C,.At
SIR(T) = -p—h—\/;‘z(kl) + A (k2)
(16)
' wAt Cs. At
sm(T = T\/A2(k1) + Az(kg)
with
L
. k!
A(k) = 3 Bsin((2 - 1)?1)
I=1
CP=A+2;L C',:E
p T

We show below examples of dispersion curves for different operators. That is we plot
the normalised phase E, error defined by

Cp—C
C‘

o wik)
o=

(17) E,=

as a function of % = H. Here C is either C}, or C; depending on what kind of waves
we are interested in.

The CFL number is baptised PMAX and is the bound of the stability interval for
p = C.At/h. The first set of curves shows in 2D for a fixed direction of vibration @
the influence of the parameter p. The second set of curves shows for p =PMAX the
angular dependence.

We notice on the first set of curves that when p increases the error grows due to
dispersion in time. This is even more so as the operator gets more and more accurate
in space. If we had used a Fourier operator to perform the space derivative the only
error will be due to time dispersion. This will be a limiting factor for the choice of an
optimal scheme.

The second set of curves shows the anisotropy of the rnumerical scheme. The worst
angle of propagation is 8 = /4 generally, except for the (2,2) scheme (L=1). In this
case it is well known that for § = 7/4, we are on the caracteristic and integrate the
equation without error.
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Theta = 45,00 '
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Pmax = 0.707 .

. P = C*DT,

Hoeeo P m 0.2°PMAY
e+ P = 0.4°PMAXY
ecce P m 0.6°PMAXY
==-P = 0.8°PMAX
l==P = 7.0ePMAY

-10-8

-100 ] y v - y y =100 ‘ Y T Y
oo 0.1 os os o.¢ os o0 0.1 os o3 0.4 os
H H
L =4q L =10
Pmax = 0.550 Pmazx = 0.508

FiG 4.1 : The normalised phase error for a propagation angle # = 45 asa function
of the courant parameter p = C'.At/h for different operators.
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10 107
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FIG 4.2 : The normalised phase error for the courant parameter p = C.At/h at
the stability limit Prnar, as a function of a propagation angle # for different operators.
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With the dispersion relation, we can use Von Neumann stability criterion. A
necessary stability condition is that the pulsation w is real. This implies that the
eigenvalues of B must be lower than 1, therefore :

CpoAt
h

- BN 4
VE € R? A (k) + A2(ks) < 1 —h-A—\ﬁp(kl) T A2(ky) < 1

It is easy to verify that

L
%naﬁx [42(k,) + A%(k2) = JA2(x/h) + A¥(x[h) = V2 (E |ﬁ,|)
€ 2

=1

therefore we can state
PROPOSITION 3. In homogeneous media, with Az = Az = h, a sufficient and
necessary stability condition for the numerical scheme (7) is given by :

' 5 (L -1
a, S —.{5<Z|ﬂ1i)

h =1

This necessary and sufficient stability criterion is exactly the result of corollary 1
for homogeneous media. In that case the parameter §, which measures the heterogene-
ity of the medium has its lowest value, that is é = 1. This lets us think that corollary
1 even though only a sufficient stablity result, must be quite close to a necessary
condition as well.

5. Analysis of the Computational Cost. We impose a precision criterion
on the phase velocity so that, at the end of the simulation, the phase velocity of
the scheme is within a certain neighbourhood of the exact phase velocity. Then we
choose the discrete parameters At and h (or equivalently the number of points per
shortest wavelength and the number of points per shortest period) in order to respect
this criterion. We can then derive the numerical cost of the simulation and see which
operator minimize it. This operator will be the cheapest to fulfill the precision criterion
stated above. ‘ :

Equation (16) is composed of two dispersion relations, one for the P-waves and one
for the S-waves. Like in the continous problem the two types of wave decouple into
two acoustic wave equation. In order to study the quality of the approximation we
use the phase velocity C, and the relative error E, defined in (17).

To control the dispersion effect we require that at the final time of simulation Tynaz, the
phase shift between the exact wave (pulsation w), and the numerical wave (pulsation
w(k)) is less than 7 /2. That is to say, the two waves are not shifted more than half a
wavelength, so : :

(19) lw = w(k)|.Tomaz < %

Assuming that we propagated the wave on J wavelength A = 27/ |E|, the time of

propagation is Trnar = ‘—’CA Then (19) becomes

1
D
(20) lEﬂpl - 4“,
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We see here the cumulative effect of dispersion. To respect the constraint (19) at the
final time Tnqz the error on the phase velocity has to be inversely proportional to the
propagation time.

The computational cost of the simulation is obviously linked to the precision on the
phase error. It is defined as the total number of arithmetical operations and is given
by :

Cost = Np x N2x N,

where N, is the number of operations per points and time step for the scheme of order
2L in space, N is the number of points in one direction (the domain is a square), N;
is the number of time steps. Assuming that the size S of the domain in one direction
is § = C.Tmas/2 (i.e we propagate the wave for a round trip to the bottom of the
domain), we can write the cost as a function of J: '

J J
Cost(J,H,G,L) = NL(H)Z(E_)

B=2 6=
A A/IC

H is the inverse of number of points per wavelength ), and G is the inverse of the
number of points per period T = A/C.
Now H and G are going to depend on J, since we impose (19), that is |[Ey] <
1/4J. The dispersion curves displayed above show that the discretization in time
gives a positive contribution to the phase error, whereas the discretization in space
gives a negative contribution to the phase error. This can be shown analytically
by a development around |k|h = 0 of the phase error function. With k = |k| and
ky = kcos(8) ko = ksin(#) we have

keAt

E,(k,6,h,At) = arcsin (gf—t\ﬁﬂ(kl) + A2(k2)> -1

When kh — 0 we have :

L
N [Ie- 0" ki
t.. — . : .
E (k,0,h,At) = 6(“’2 )2 - '-(}2“_1)! (cos(a)+sm(a))(3‘-)”~+0((kh)2L+2
>0 <0

Therefore to minimize the cost we look for the higgest time step At respecting the con-

straint E, < 1/4J, and the biggest space step h respecting the constraint E, > —1/4J,

for all directions of propagation #. We show helow different choices of At and h, for
= 100 that is |E,| < 2.5 10-3. via the CFL parameter p = C'At/h and H = \Ah

for different operators of order 2 (L=1), 4 (L=2), 8 (L=4).

For the (2,2) scheme (L=1), the space error forces us to choose H = 5.25 1072 (that is

19.05 points per wavelength) and p = V2/2 (that is 26,8 points per period) to respect

the precision on the phase error.

For the (2,4) scheme (L=2), we improve the space error and we have H = 17.5 1072

(that is 5.7 points per wavelength). For the time error however the special case of
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the (2,2) scheme where the phase error is always negative, does not happen anymore.
Thus we can not choose like before p =PMaX. The bound on the phase error allows
us p = 0.282 (that is 20.2 points per period). We have therefore greatly decreased the
cost of the simulation already by a factor of nearly 15.

For the (2,8) scheme (L=4), we still improve the space error and we have H =
27.2 10~2 (that is 3.7 points per wavelength). For the time error the bound on the
phase error allows us p = 0.150 (that is 24.7 points per period). Here we do not have
the best deal anymore since we do not gain in space and in time. We improve the
space accuracy, therefore decreasing the number of points per wavelength, but the
limiting order 2 in time shows up here and we do not decrease the number of points
per period.

LT Rad

[TT Yad 4

PV P .~ Yy

L=1 L=2

p = 0.707 P = 0.282

Pmaz = 0.707 Pmaz = 0.606

o10®

‘.... 0
ces "'°
ese 18
- 20
- 28
- 0
-— 36
ance 40
e 48

FIG 5.1 : The normalised phase error for the maximum courant parameter p =
C.At/h respecting the constraint E, < 2.5 10~? as a function of a propagation angle
9 for different operators. Oue can read on the curve the maximum admissible value
of H respecting the constraint E, > —2.5 1072,
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For a given domain, that is a given J, it is possible to plot the functions J —
Nx(J), J =~ Ng(J). Therefore we get a table to choose the discrete parameters
according to the medium size and the operator used.

Number of

B 8 8 8 8

"
(-]

-
(-]

Number of Points per Period

To0 120 140 160 180 200

80 80
Number of Wavelength

0 20 40

FiG 5.2 : The number of points per wavelength and the number of points per
period admissible to respect the constraint |Ey| < 1/4.J.
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It is also interesting to plot the function (J,L) — Cost(J,L). For an average
geophysical medium, corresponding to the propagation of a hundred wavelength (J =
100) the function L — Cost(100, L)/C0st(100, 1) shows the computational cost of the
simulation compared to the cost of the (2,2) scheme. It shows that after a certain
threshold corresponding at L = 4 (that is order 8 in space) the computational cost
actually increases with the order of approximation in space.

1.0

Normalised Cost
e 2 28 2 &8 ©

&
l

e
[ ]

0.0 10 12 14 6 18 20

0 2 4 8 8
Operator Length

FiG 5.3 : The normalised numerical cost of simulation respecting the constraint
|E,| < 1/4.J as a function of .J.

6. Discussion and Conclusions. The previous study shows that in order to
control the phenomenon of dispersion in the numerical propagation of elastic waves,
one must prescribe a number of points per wavelength and number of points per period,
depending on the size of the domain. This is the cumulative effect of the dispersion er-
ror. Thus the widespread rule of thumb “10 points per wavelength” for a (2,2) scheme
(cf Alford et al) is here to he understood in the sense “10 points per wavelength for
an average geophysical medium” that is for the propagation of a hundred wavelength.

The study also shows that the computational cost is not a decreasing function of
the order of approximation, and that after order 8 in space (with the finite difference
operators introduced in this paper) the cost actually increases linearly with the order
of approximation. The maximum gain for the computational cost is when we change
from a (2,2) scheme to a (2,4) scheme. This justifies the endeavor for (2,4) schemes for
the elastic wave equation (cf [4], [5]). It also proves that higher order schemes would
not greatly improve the cost.

As a rule of thumb, for an average geophysical medium one must choose Ny = 6,
that is 6 points per shortest wavelength, and Nt = 20 that is 20 points per shortest
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period for the (2,4) scheme. The shortest wavelength is defined by the slowest velocity
in the medium (the S-waves velocity) divided by the highest frequency in the source
spectrum (which is the inverse of the shortest period T'). Therefore

Ca.miuT _ T
Mv==3 M=%

and one can write the stability condition as

Cp,rn.a.:x:A

2 t S Cte N‘\ te Ca.min

— <
Nt ~ Cp,maz

Therefore we see that Ny = 6 and N7 = 20, gives the parameter p = C.At/h. This
shows that the stability criterion which gives the CFL number as the upper bound of
the parameters p = C.At/h is only indicative in practise.

The analysis presented here for the phase error velocity is transposable to the
group ‘velocity (cf [13]). The conclusions are qualitatively the same. The different
functions giving the number of points per wavelegth, the number of points per period
and the relative cost in the case of a criterion precision on the group velocity can be
found in [14].

A natural extension of this paper would be to consider schemes of order 4 in time.
This has been done in [14], and the results show that the phenomenal increase of
computations to approximate a (uantity like Q = (%1 / /’z%’\'e%l / pg’—z‘ is not balanced
by the improvement of the time step. In fact we only need to approximate Q with
a quantity of order two in space, to get order four in time and space. But when
we approximate Q by *A2(1/p(AY(NAL(1/ p(A2))))) where A is the finite difference
operator of order 2, we do not have stability results.

7. Appendix.

7.1. Appendix 1. The coefficients §; are defined by B = a;/(2l - 1). For con-
sistency reasons «; verify

and to approximate the first derivative to order 2L
L % .
Z(?l - 1)?y =0 p=1.L
=1
Solving this linear system in ay gives :

L
H (2m - 1)
ap = (_1)I+1 L !

I1 le2m - 1)? = (21 = 1)
m#l
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7.2. Appendix 2. LEMMA 1. With

[Z lﬂl” l[ma‘xz 16 l(’\ + [)i41-1/2,5 + (A + 1)imi41/2,5

2/"1] 2,)"]
ig4i-1/2 | Haj=141/2
+ +

2p; ; 2pi,; ]

we have
Yvue L}, L < (Aﬁ 22) (}: |ﬂl|) 2.(pe,y 800

Proof :

L = Z(z\+u)‘+1/z;[z Az (g1, = wic3)]? Az Az

1)

+ ZI‘: J+l/2[z Z‘:("t 4l — Ui J-H-l)] Ar Az

ij
Il < E IZ(’\+I‘)1+1/2JZI |(1L‘+1,J u‘-_l+1’j)2 Az Az
= OF 1=1
B Bi
b SR s L - wgeaa? A Az
=1 J =1

L < 2[2' = l] ZZ I I(’\ + /")l+l/2 J(uz+11 + "t-l+l J) Ar Az

1,7 =1

+ 2[Z| ” ZZI l“' J+1/2(u JH + “x]-l+l) Ar Az
i, =1

I < zl Bi mzzl B ( l)+1 1/2,j +( /.) l+1/2.J] _,u Az Az
07 i=1 2pi ; 2p;;
B (Hij+i-1/2 | M=l

+ 4[Z| l][ZIZI s e+ SRl e Az

J — ' "

Lo z[szmZZlm( s T

1,7 =1
il i =141/ .
+ 2[2 IﬂzI][ZZIﬂI THEAZ | D2 (o, )
I=1 i =1 2pi; 2pi ;
A+ A+ p)i- j
L < ~2 [Z |ﬂl|][ma-XZ|“1| I):+l 1/2.j +( l.) 1+1/2,j
Wi et 2pi;
+ i j4i-1/2 | Hi "-lH“](pn,u)m

2pi,; 2pi;
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LEMMA 2. With

L L
3 = (18l max 3 g Szt | G Pisajae
1= Woim T 2piny2,541)2 2pi41/2,54+1/2
Higlj+1/2 Hi-l,5+1/2

2pi41/2,5+1/2  2Pi+1/2,i+1/2

we have

2
4 4 (& .
2 > & — b — E 2
:dv E Ltt Il - ( : 372 + ! 22) <l=1 lﬂll) 'cl’(p"$ ")-n

Proof : Straightforward and totally parallel to lemma 1.
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